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ABSTRACT. Let k be an algebraically closed field of characteristic p > 0. Let D be 
a p-divisible group over k. Let no be the smallest non-negative integer for which the 
following statement holds: if C is a p-divisible group over k of the same codimension 
and dimension as D and such that C[p nD ] is isomorphic to D[p nD ], then C is isomorphic 
to D. To the Dieudonne module of D we associate a non- negative integer which 
is a computable upper bound of no. If D is a product Yliei °^ i socnrnc p-divisible 
groups, we show that nn = £d] if the set I has at least two elements we also show that 
n < max{l, UDijUDi + no 3 — Mhj G J, j ^ i}. We show that we have ud < 1 if and 
only if £e> < 1; this recovers the classification of minimal p-divisible groups obtained by 
Oort. If D is quasi-special, we prove the Traverso truncation conjecture for D. If D is 
.F-cyclic, we compute explicitly no- Many results are proved in the general context of 
latticed F-isocrystals with a (certain) group over k. 
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1. Introduction 



Let p G N be a prime. Let k be an algebraically closed field of characteristic p. 
Let c, d G NU {0} be such that r := c + d > 0. Let D be a p-divisible group over k of 
codimension c and dimension d. The height of D is r. Let nu G NU {0} be the smallest 
number for which the following statement holds: if C is a p-divisible group of codimension 
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c and dimension d over k such that C[p nD ] is isomorphic to D[p nD ], then C is isomorphic to 
D. We have no = if and only if cd = 0. For the existence of no we refer to [Ma, Ch. Ill, 
Sect. 3], [Trl, Thm. 3], [Tr2, Thm. 1], [Val, Cor. 1.3], or [Oo2, Cor. 1.7]. For instance, 
one has the following gross estimate no < cd + 1 (cf. [Trl, Thm. 3]). The classical 
Dieudonne theory says that the category of p-divisible groups over k is antiequivalent to 
the category of Dieudonne modules over k. Thus the existence of no gets translated into a 
suitable problem pertaining to Dieudonne modules and thus to a particular type of latticed 
F-isocrystals over k (see Subsection 1.1 below for precise definitions). 

Traverso's truncation conjecture predicts that no < min{c, d}, cf. [Tr3, Sect. 40, 
Conj. 4]. This surprising and old conjecture is known to hold only in few cases (like for 
supersingular p-divisible groups over k; see [NV, Thm. 1.2]). To prove different refinements 
of this conjecture, one needs to have easy ways to compute and estimate no- Each estimate 
of no represents progress towards the classification of p-divisible groups over k; implicitly, 
it represents progress towards the understanding of the ultimate stratifications defined in 
[Val, Subsect. 5.3] and (thus also) of the special fibres of all integral canonical models of 
Shimura varieties of Hodge type. The goal of the paper is to put forward basic principles 
that compute either no or some very sharp upper bounds of no- 

For the sake of generality, a great part of this paper will be worked out in the context 
of latticed F-isocrystals with a (certain) group over k. 

1.1. Latticed F-isocrystals. Let W(k) be the ring of Witt vectors with coefficients in 
k. Let B(k) be the field of fractions of W(k). Let a be the Frobenius automorphism of 
W(k) and B(k) induced from k. 

By a latticed F-isocrystal over k we mean a pair (M, 0), where M is a free W{k)- 
module of finite rank and 4> '■ M[-]-^M[-] is a a-linear automorphism. We recall that 
if 4>(M) C M, then the pair (M, <p) is called an F -crystal over k. We also recall that 
if pM C 4>{M) C M, then the pair (M, 0) is called a Dieudonne module over k and 
v 1 := p(f)~ l : M — > M is called the Verschiebung map of (M, 0). 

The composite of W (k) -linear maps endows End(M) with a natural structure of a 
W(k) -algebra (and thus also of a Lie algebra over W(k)). We denote also by the cr-linear 
automorphism of End(M[-]) that takes e G End(M[-]) to 0(e) := 0o e o _1 . Let G B (k) 
be a connected subgroup of GL M ^ such that its Lie algebra Lie(G B(k)) is left invariant 
by </> i.e., we have 0(Lie(Gs(fc))) = Lie(Gs(fc)). Let G be the schematic closure of Go(k) m 
GLm- The triple (M, 0, G) is called a latticed F-isocrystal with a group over /c, cf. [Val, 
Def. 1.1 (a)]. Let g := Lie(G B ( fc )) H End(M); it is a Lie subalgebra of End(M ) which as a 
VF(/c)-submodule is a direct summand. If G is smooth over Spec(W(k)), then g = Lie(G). 
Let uq € N U {0} be the i-number of (M, 0, G) introduced in [Val, Def. 3.1.4]. Thus uq 
is the smallest non-negative integer for which the following statement holds: 

• If g E G(W(k)) is congruent to 1m modulo p n ° , then there exists h G G(W(k)) 
which is an isomorphism between (M, gcj), G) and (M, 0, G) ( equivalently, between (M, gcf>) 
and (M,(f))). In other words, we have hgtfih -1 = <fi (equivalently, hgcpih) -1 = 1m)- 

In [Val] we developed methods that provide good upper bounds of no (see [Val, 
Subsubsect. 3.1.3 and Ex. 3.1.5]). The methods used exponential maps and applied to all 
possible types of affine, integral group schemes G over Spec(W(k)). But when the type of 
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G is simple (like when G is GLm), then one can obtain significantly better bounds. This 
idea was exploited to some extent in [Val, Sect. 3.3] and it is brought to full fruition in 
this paper. Accordingly, in the whole paper we will work under the following assumption: 

1.1.1. Assumption. We have M ^ 0, the W(k)-submodule g of End(M) is a W(k)- 
subalgebra of End(M) (and not only a Lie subalgebra of End(M)), and (thus) G is the 
group scheme over Spec(W(k)) of invertible elements of g. 

Typical cases we have in mind: (i) G is either GLm or a parabolic subgroup scheme 
of GLm, (ii) G is the centralizer in GLm of a semisimple VF(/c)-subalgebra of End(M), 
and (iii) g is W(k)lM © tt, with n a nilpotent subalgebra (without unit) of End(M). 

1.1.2. Newton polygon slopes. Dieudonne's classification of -F-isocrystals over k (see 
[Di, Thms. 1 and 2], [Ma, Ch. 2, Sect. 4], [De], etc.) implies that we have a direct sum 
decomposition M[^] = ® ae QW(a) that is left invariant by (p and that has the property 
that all Newton polygon slopes of (W{a), </>) are a. We recall that if m G N is the smallest 
number such that ma G Z, then there exists a S(/c)-basis for W(a) which is formed by 
elements fixed by p~ Tna (p rn . One says that (M, <p) is isoclinic if there exists a rational 
number a such that we have M[^] = W(a). We consider the direct sum decomposition 
into B(k) -vector spaces 

End(M[-]) = L + © L © L_ 

that is left invariant by <fi and such that all Newton polygon slopes of (L+, <p) are positive, 
all Newton polygon slopes of (Lq, <p) are 0, and finally all Newton polygon slopes of (L_, <p) 
are negative. We have direct sum decompositions L + = @ Q p e q a< p Hom(VF(a), W (/?)), 
L - = ® a ,pe® a <ptt°™(W([3),W(a)), and L Q = aeQ End(W»). Thus both L + and 
L_ are nilpotent subalgebras (without unit) of End(M). 

We have L = End(M[±j) if and only if (M, </>) is isoclinic. 

1.2. Level modules and torsions. We define 

0+ := {x G End(M) n L+\(f) q (x) G End(M) n L + \/q G N} = n geNu{0} (/)"' ? (End(M) n L+). 

Let Aq := {e G End(M)|0(e) = e} be the Z p -algebra of endomorphisms of (M, 0). Let Oq 
be the VF(/c)-span of A ; it is a VF(/c)-subalgebra of End(M) n L . We have identities 

O = A ® Zp W{k) = n (?6Nu{0}( />' ? (End(M) n L Q ) = n qe ^ u{0} (j)- q (End(M) n L ). 

We also define 

0_ := {x G End(M) n L_ \<p- q (x) G End(M) n L_ Vq G N} = n <?6Nu{0} (/)' ? (End(M) n L_). 

As all Newton polygon slopes of (L + ,(f>) are positive, for each x G L + the sequence 
(4> q (x)) qe ^ of elements of L + converges to in the p-adic topology. This implies that there 
exists s6N such that p s x G 0+. Thus we have 0+[|] = L+. As 0+ is a VF(/c)-submodule 
of the finitely generated W(k)-modu\e End(M), we conclude that + is a lattice of L + . 
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A similar argument shows that Oo and 0_ are lattices of L and L_ (respectively). We 
have the following relations 0(0+) C 0+, 0(O O ) = O = _1 (°o), </> _1 (°-) £ O-, 
L + L + L L + C L+, L L C Lq, and L L_ + L L_ C L_. These relations imply that: 

(i) Both 0+ and 0_ are left and right O -modules. 

(ii) The direct sum 0+ © O (resp. O © 0_) is a W(/c)-subalgebra of End(M) that 
has 0+ (resp. 0_) as a nilpotent, two-sided ideal. 

Let O := 0+ © O © 0_; it is a lattice of End(M)[±] contained in End(M). In 
general, O is not a VF(/c)-subalgebra of End(M) (see Example 2.2). Thus we call O the 
feud module of (M, 0). 

Let Og := (s n 0+) © (g fl Oo) © (g fl 0_); it is a lattice of g[^] contained in g. We 
refer to Oq as the level module of (M, 0, G). We note down that O = Oql m - 

By the /eueJ torsion of (M, 0, G) we mean the unique number ^ G NU {0} for which 
the following inclusions hold 

(1) P e °9 CO G Cg 

and which obeys the following two disjoint rules: 

(a) if g = Oq and the two-sided ideal of the VF(/c)-algebra g generated by (gflO+) © 
(g fl 0_) is not topologically nilpotent, then Iq := 1; 

(b) in all other cases, Iq is the smallest non-negative integer for which (1) holds. 

1.2.1. A connection to [Val]. Let mo '■= T(g, 0) be the Fontaine-Dieudonne torsion 
of (g, </>) introduced in [Val, Defs. 2.2.2 (a) and (b)]. We recall that ma is the smallest 
non-negative integer with the property that there exists a W(k) -sub module m of g which 
contains p mG g and for which the pair (m, (p) is a Fontaine-Dieudonne p-divisible object 
over k in the sense of loc. cit. One has a direct sum decomposition (m, (p) = ©j e j(irij, (p) 
such that each pair (rrij, <p) is an elementary Fontaine-Dieudonne p-divisible object over k. 
The pair (nv, , (p) is a special type of isoclinic latticed F-isocrystals over k that are definable 
over F p ; let ctj G Q be the Newton polygon slope of (rrij, (p). One basic property of (m^, (p) 
is: if ctj > (resp. aj = or ctj < 0), then we have (p(m,j) C vcij (resp. (p{vcij) = mj or 
_1 (mj) C m,j). Thus if ctj > (resp. ctj = or ctj < 0), then we have rrij C gflO+ (resp. 
trij C g n Oq or mj C g n 0_). This implies that m C Oq- Therefore we have £q < mo 
except in the case when g = Oq = tn and Iq = 1. This implies that £g < max{l, mc}. In 
general, £g can be smaller than mo (see Example 2.2). 

1.2.2. Example. We assume that all Newton polygon slopes of (g, (p) are 0. Then 
we have Oq = g H Oo and £g is the smallest non-negative integer such that we have 
inclusions p ia g C Og C g. As the VF(/c)-module g is a direct summand of End(M), we 
have Oq = g fl Oo = g[^] fl Oo- This implies that (p(Oo) = Oq and therefore Oq has a 
VF(/c)-basis formed by elements of gflA . Thus {Oq, <P) is a Fontaine-Dieudonne p-divisible 
object over k; therefore to = tuq- 

Our first main goal is to prove (see Section 3) the following Theorem. 
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1.3. Main Theorem A. We recall that (M, 0, G) is a latticed F-isocrystal with a group 
over k and that we work under Assumption 1.1.1. 

(a) Then we have an inequality no <£g- 

(b) Assume that (M, 0) is a direct sum of isoclinic latticed F-isocrystals over k. 
Then we have ugl m = ^GL M ■ 

We neither know nor expect examples with hgl m < ^GL M - O ur second main goal is 
to apply the Main Theorem A to study p-divisible groups over k. 

1.4. First applications to p-divisible groups. Let D and «o be as in the beginning 
paragraph of the paper. We say that D is isoclinic if its (contravariant) Dieudonne module 
is isoclinic. If (M, </>) is the Dieudonne module of D, then let 

Id :=i G L M eNU{0}. 

We call Id the level torsion of D. The following elementary Lemma is our starting point 
for calculating and estimating no- 

1.4.1. Lemma. We assume that (M, 4>) is the Dieudonne module of D. Then we have 

See [Val, Lem. 3.2.2 and Cor. 3.2.3] and [NV, Thm. 2.2 (a)] for two proofs of 
Lemma 1.4.1 (the second proof is not stated in the language of latticed F-isocrystals with 
a group). Accordingly, we call no the i-number (i.e., the isomorphism number) of D. 
Based on Lemma 1.4.1, we have the following Corollary of the Main Theorem A. 

1.4.2. Basic Corollary. For each non-trivial p- divisible group D over k we have tid < Zd- 
If D is a direct sum of isoclinic p-divisible groups over k, then we have no = £d- 

The inequality up < £d was first checked for the isoclinic case in [Val, Ex. 3.3.5]. 

1.4.3. Proposition. We assume that D = Y\ ieI F>i is a direct sum of at least two isoclinic 
p-divisible groups over k. Then we have the following basic estimate 

n D < max{l,n D .,n Di +^D j - e I,j 0- 

Proposition 1.4.3 is proved in Subsection 4.5. Example 4.6.2 shows that in general, 
Proposition 1.4.3 is optimal. The next Proposition (proved in Subsection 4.7) describes 
the possible range of variation of no and tr> under isogenies. 

1.4.4. Proposition. Let D -» D be an isogeny between non-trivial p-divisible groups 
over k. Let k G N U {0} be the smallest number such that p K annihilates the kernel of 
this isogeny. Then we have no < £d < f- D + 2k. Thus, if D is a direct sum of isoclinic 
p-divisible groups, then we have no < £d < n D + 2k. 

In general, the constant 2k of Proposition 1.4.4 is optimal (see Example 4.7.1). 

1.5. Minimal and quasi-special types. Let B = {ei,... , e r } be a W(k)-h&sis for 
M. Let 7T be an arbitrary permutation of the set J r := {1, . . . , r}. Let (M, be the 
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Dieudonne module over k with the property that for each s E {1, . . . , d} we have <f> n (e s ) = 
P e 7r(s) an d for each s E {<i + 1, . . . , d + c} we have 07r(e s ) = e„.( s ). Let be a p-divisible 
group over /c whose Dieudonne module is (M, 0^). For a cycle 7r$ = (e Sl , . . . , e Sr . ) of tt, let 
q and di = ri — Ci be the number of elements of the sets {s\, ... , s ri } fl {d + 1, . . . , <i + c} 
and {si, ... , s r J n {1, . . . , d} (respectively), and let an := f- E Q H [0, 1]. 

1.5.1. Definitions. We recall that c and d are non-negative integers such that r := 
c + d > 0, that D is a p-divisible group over k of codimension c and dimension d, and that 
J r = {1,... ,r}. 

(a) We say that D is F -cyclic (resp. F -circular), if there exists a permutation 7r 
(resp. an r-cycle permutation tt) of J r such that D is isomorphic to C^. 

(b) We say that tt is a minimal permutation, if the following condition holds: 

(*) for each cycle tti = (e Sl , . . . , e Sr _ ) of 7r and for all q E N and it e {1, ... , r$}, we 
have 4>U e sJ = P [qai]+eq ( Su ^e-K<i(s u ) for some number e q (s u ) E {0, 1}. 

(c) We say that D is minimal, if there exists a minimal permutation 7r of J r such 
that D is isomorphic to C n . 

(d) A non-trivial truncated Barsotti-Tate group B of level 1 over k is called minimal, 
if there exists a p-divisible group D over /c such that D\p] is isomorphic to S and < 1. 

(e) Let m := g.c.d.{c,d} E N and let (cii,ri) := (-^, — ). We say that D is isoclinic 
quasi-special (resp. isoclinic special), if we have (j) r {M) = p^M (resp. we have </> ri (M) = 
p dl M). We say that D is quasi-special (resp. special), if it is a direct sum of isoclinic 
quasi-special (resp. isoclinic special) p-divisible groups over k. 

The terminology F-cyclic and F-circular is suggested by Definition 1.2.4 (c) in [Va2]. 
The terminology minimal p-divisible groups and minimal truncated Barsotti-Tate groups 
of level 1 is the one used in [Oo3] and [Oo4] . It is easy to check that the above definitions 
of minimal p-divisible groups over k and of minimal truncated Barsotti-Tate groups of 
level 1 over k are equivalent to the ones used in [Oo3, Subsect. 1.1] (this also follows from 
the Main Theorem B below). Moreover D is minimal if and only if D[p] is minimal, cf. 
Main Theorem B below. The terminology special (see (e)) is as in [Ma, Ch. Ill, Sect. 2]. 
If D is -F-cyclic, then it is also quasi-special but it is not necessarily special (see Lemma 
4.2.4 (a) and Example 4.7.1). The class of isomorphism classes of quasi-special p-divisible 
groups of codimension c and dimension d over k, is a finite set (see Lemma 4.2.4 (b)); this 
result recovers and refines slightly [Ma, Ch. Ill, Sect. 3, Thm. 3.4]. 

A systematic approach to CVs was started in [Va2] and [Va3] using the language of 
Weyl groups (the role of a permutation tt of J r is that one of a representative of the Weyl 
group of GLm with respect to its maximal torus that normalizes W(k)e s for all s E J r ); 
for instance, we proved that for two permutations tt\, tt 2 of J r , the p-divisible groups C ni 
and Ck 2 are isomorphic if and only if C ni [p] and C n2 \p] are isomorphic (cf. [Va3, Thm. 
1.3 (a) and Fact 4.3.1]). The p-divisible groups are also studied in [Oo4] using the 
language of cyclic words in the variables (p and We note down that in the condition (*), 
it suffices to consider natural numbers q which are at most equal to the order of 71$. Thus 
we view (b) and (d) as a more practical form of [Oo4, Sect. 4]. 

In Subsection 4.6 we prove the following Theorem. 
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1.5.2. Theorem. We assume that the non-trivial p- divisible group D is quasi-special (for 
instance, D is F-cyclic or special). Then D is a direct sum of isoclinic p-divisible groups 
over k and thus we have up = Moreover, we have an inequality «o < min{c, d} i.e., 
the Traverso truncation conjecture holds for D. 

The proof of the inequality part of Theorem 1.5.2 relies on Proposition 1.4.3 and on 
an explicit formula for riu (see property 4.6 (ii); if D is F-cyclic, see also Scholium 4.6.1). 

The importance of minimal p-divisible groups stems from the following Theorem to 
be proved in Subsection 5.1. 

1.6. Main Theorem B. Let D be a non-trivial p-divisible group over k. Then the 
following three statements are equivalent: 

(a) we have £d < 1/ 

(b) we have no < 1 (equivalently, D[p] is minimal); 

(c) the p-divisible group D over k is minimal. 

The implication (c) =>- (b) was first checked for the isoclinic case in [Val, Ex. 3.3.6] 
and for the general case in [Oo3, Thm. 1.2]. A great part of [Oo4] is devoted to the proof 
of the equivalence between (b) and (c), cf. [Oo4, Thm. B]. 

2. Preliminaries 

Let (M, 4>) be a latticed F-isocrystal over k. In this Section we include simple 
properties that pertain to (M, 0). Let M* :— Hom(M, W(k)). 

The notations p, k, c, d, r = c + d, D, n D , W(k), B(k), (M,<f>,G), 0, M[ l ] = 
© aeQ ^(a), L+, L , L_, 0+, A , O , 0_, O g , l G , £ D , J r = {1,... ,r}, (M, fa), " and 
Cjr introduced in Section 1, will be used throughout the paper. Let D t be the p-divisible 
group over k which is the Cartier dual of D. For m G N, let W m {k) := W (k) / p m W (k) . 

All finitely generated M /r (/c)-modules and all finite dimensional _B(/c)-vector spaces 
are endowed with the p-adic topology. As in Subsection 1.2, in the whole paper we keep 
the following order: first +, next 0, and last — . 

2.1. Duals and homs. Let </> : M*[|]-^M*[|] be the cr-linear automorphism that 
takes / E M*[i] to a o / o f 1 e M*[±]. The latticed F-isocrystal (M*,<f>) is called 
the dual of (M, <p), cf. [Val, Subsect. 2.1]. The canonical identification End(M) = 
M <g> w(fc ) M* defines an identification (End(M),0) = (M,<f>) ® (M*,</>) of latticed F- 
isocrystals over k. If (M, 0) is the Dieudonne module of D, then (M* ,p<j)) is the Dieudonne 
module of D t . Let (Mi,0i) and (M 2: 4>2) be two latticed F-isocrystals over k. Let 
012 : Hom(Mi, M 2 )[^] Hom(Mi, M 2 )[^] be the a-linear automorphism that takes / G 

Hom(Mi[i],M 2 [i]) to (j) 2 o / o (J)' 1 g Hom(Mi[J], M 2 [|]). The latticed F-isocrystal 
(Hom(Mi,M 2 ),0i 2 ) over k is called the horn of {M^fa) and (M 2 ,0 2 ). Thus (M*,0) is 
the horn of (M, 0) and (W^fc), a). The dual of (Hom(Mi, M 2 ), 0i 2 ) is (Hom(M 2 , Mi), 2 i) 
(here 02 1 is defined similarly to 0i 2 ). Thus the dual of (End(M),0) is (End(M),0) itself. 

If S is a W(fc)-basis for M, let S* := G 3} be the dual W(/c)-basis for M*. 

Thus for x, y G B, we have x*(y) = For q G Z and G B, let a q (x,y) G -B(fc) be 
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such that we have 4> q (x) = J2 y e'B a q( x ^ V)V- We have 4> q (x*) = X^eB a<1 { a -q{yi x ))y* an d 
therefore (p~ q (x*) = X^e® a ~ q { a q{Vi x ))y* ■ This implies that: 

(*) if s G Z, then we have p s (p q (M) C M (i.e., p 8 a q (x,y) G W(k) for all x,y G B) if 
and only if we have p s (j)- q (M*) C M* (i.e., p s a g (y,x) G W^fc) for all x, y G S). 

The set {x <g> y G S} is a W(k)-hasis for End(M) = M <S>w(k) M *- 

2.2. Example. We assume that we have a direct sum decomposition M = W(k) © A" 
such that acts on JV(fc) as a does, we have 0(AT) C N, and (AT, 0) is isoclinic of Newton 
polygon slope 7 G (Q fl (0, 00)) \ Z. We have a direct sum decomposition of latticed 
F-iso crystals over k 

(End(M), 0) = (End(iV), 0) © (AT, 0) © (AT*, 0) © {W(k),a). 

The W^&O-span of the product N*N (taken inside End(M)) is End(JV)- As (p(N) C AT and 
C _1 (iV*), we have JVCO+ and C 0_. As 7 i Z, we have OnEnd(AT) g End(AT). 
Thus 0+0_ £ O. Therefore O is not a W r (/c)-subalgebra of End(M). 

We take G such that is the W r (/c)-subalgebra N®W(k)l N of End(M). As N C 0+ 
and 1m G Oo, we have = Oq = (qC\0 + ) © (gOOo) and (gDO + ) is a nilpotent, two-sided 
ideal of the VF(/c)-algebra g. Thus £g = 0, cf. the rule 1.2 (a). If the pair (N,<j>) is not 
a Dieudonne-Fontaine p-divisible object over k, then the Dieudonne-Fontaine torsion mo 
of (g, 0) is positive (and in fact it can be any natural number). 

2.3. Lemma. We assume that ugl m = 0- Then there exists an integer s such that we 
have 0(M) = p s M. Thus <j){End{M)) = End(<f>(M)) = End(M) and therefore we have 
O = End(M) and i G L M =0. 

Proof: Let q G N. By induction on q we show that the Lemma holds if the rank r of M is 
at most q. If q = 1 and r = 1, then the Lemma is obvious. The passage from q to q + 1 
goes as follows. We can assume that r = q + 1. By multiplying with p _s for some s G Z, 
we can assume that 0(M) is a VF(/c)-submodule of M that contains a direct summand of 
M of rank at least 1. Let x G M\pM be such that 0(5) G M\pM. Let ^ G GLm(W(&)) 
be such that gx4>(x) = x. As ugl m = 0, (M, 0) is isomorphic to (M, ^0). Thus there 
exists x G M \ pM such that 0(x) = x. Let M be the VF(/e)-submodule of M generated 
by elements fixed by 0; it is a direct summand of M which contains x. 

If Mq = M, then we are done as 0(M) = M. Thus to end the proof it suffices 
to show that the assumption that Md 7^ M leads to a contradiction. Let M\ := M/Mq 
and let 0i : Mi — > Mi be the a-linear endomorphism induced by 0. For each element 
<7i G GLm 1 (W / (^)) there exists an element (7 G GL M (W / (^)) that fixes M and that 
maps naturally to g±. As (M,g<f)) and (M, 0) are isomorphic and due to the definition 
of Mo, we easily get that (Mi,0i) and (Mi,<7i0i) are isomorphic. Thus the i-number 
of (Mi , 0i , GLm 1 ) is 0. As the rank of Mi is less than q + 1, by induction we get that 
there exists a natural number si such that 0(Mi) = p Sl Mi (we have si 7^ 0, due to the 
definition of M ). Let z\ G Mi \ pM\ be such that 0i(^i) = p Sl zi. Let z G M be such 
that it maps naturally to z\. We have 0(5) — p Sl z G M . Let y G M be such that 
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4>(y) ~~ P Sl V = ~4>{z) + p Sl z. If z := z + y, then we have <f>(z) = p Sl z. As z maps natu- 
rally to z\ G Mi \ pMi, the W(k)-module Mq © W(k)z is a direct summand of M. Let 
g xz G GLiM(W(k)) be such that it permutes x and z, it normalizes M ©M^(/c)^, and it acts 
identically on (M © W{k)z)/{W{k)x © W(fe)z) and on M/(M © W(fc)z). The Newton 
polygon slopes of (M,g xz <f>) are 0, 4r, and si. As the Newton polygon slopes of (M, 0) 
are and si and as si G N, we get that (M, 0) and (M, are not isomorphic. This 

contradicts the equality ugl m = 0- ^ 

2.4. Lemma. Let x G End(M) be such that for all q G N (resp. for all q G — N) we have 
(j) q (x) G End(M). Then we have x G + © O (Vesp. we /lave ieO 9 0_j. 

Proof: We will prove only the non-negative part of the Lemma as the non-positive part 
of it is proved in the same way. Thus we assume that we have <J) q (x) G End(M) for all 
q G N. We write x = x + + x$ + x_, where x + G L + , x$ G L , and x_ G L_. There exists 
a number s6N such that p s x + G + and p s xo G Oo- Thus <p q (p s Xj r ) G + C End(M) 
and 4> g (p s x ) E O C End(M). We easily get that we have p s (j) q (x-) G End(M) for all 
q G N. This implies that X- = (as all Newton polygon slopes of (L_,0) are negative). 
Thus x = x+ + xq. The sequence (cj) q (x+)) qe ?>$ converges to (as all Newton polygon 
slopes of (L + ,(f)) are positive). Thus there exists q G N such that y + := 4> q (x + ) G + . 
Let y := (f) q (x) and yo := y — y + = (f) q (xo) G End(M) fl L . As for each q G N we have 
</> g (y+) G 0+ C End(M) and (p q (y) G End(M), we also have <f> 9 (y ) G End(M). Thus 
y G Oq. Therefore x = (p~ q (yo) G _,? (Oo) = O . This implies that for all q G NU{0} we 
have (f) q (x ) G O C End(M). Thus for all gGNU {0} we have ^(a^) = </> g (a;) - 9 (x o ) G 
End(M) i.e., x + G + . Therefore x = x + + x G + © O . □ 

2.5. Invertible elements. In this Subsection we recall basic properties of invertible 
elements of VF(/c)-subalgebras of End(M). Let f) be a VF(/c)-subalgebra of End(M). 

(i) If x G f) has an inverse x -1 in End(M) (i.e., if x G f) fl GXm^W 7 ^))), then the 
determinant of x is an invertible element of W(k) and therefore from the Cayley-Hamilton 
theorem we get that x~ x is a polynomial in x with coefficients in W(k); thus x~ x G f) (i.e., 
x is an invertible element of h). 

(ii) Each invertible element of f) is also an invertible element of any other W{k)- 
subalgebra of End(M) that contains h. 

(iii) If we have a direct sum decomposition f) = n © t)o such that [)o is a W{k)- 
subalgebra of t) and n is a nilpotent, two-sided ideal of the W(k) -algebra f), then we have a 
short exact sequence 1 — ► 1m + w — > () nGL M (W / (^)) — >■ f)o HG ! Lm(W / (^)) — > 1 which splits 
and which is defined by the rule: if x G n and y G f)o are such that x + y G J)nG£iM(W'(fc)), 
then the image of x + y in f) fl GLiM(W(k)) is y. 

(iv) We recall that a two-sided ideal i of the VF(/c)-algebra f) is called topologically 
nilpotent if for all m G N there exists rh G N such that we have an inclusion i m Cj) m [) (this 
implies that fl me N^ m = 0). If x G i, then the element 1m + Xlm=i( — x ) m e + x ls weu 
defined and is the inverse of 1m + x. This implies that an element of [) is invertible if and 
only if its image in f)/i is an invertible element of f)/i. 

3. The proof of the Main Theorem A 
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In this Section we prove the Main Theorem A (see Subsections 3.4 and 3.5). We 
begin by introducing certain VF(/c)-algebras and group schemes over Spec(W(k)) and by 
presenting basic properties of them (see Subsections 3.1 and 3.2). In Subsection 3.3 we 
list simple properties of isomorphism classes of certain latticed F-isocrystals over k. All 
these properties play a key role in Subsection 3.4. In Subsections 3.6 and 3.7 we include 
two remarks as well as a more general variant of Theorem 1.3 (b). 

3.1. Group schemes of invertible elements. Let f)+ := fl + and t) := H O . 

Let f) := (h + © f) ) +p ia Q- As O and + © O are W(k) -algebras and as p ia Q is a two- 
sided ideal of the W(k)-algehra 0, it is easy to see that f) is a VF(/c)-subalgebra of 0. Let 
f)_ := f) fl 0_. As p ia Q C Og (see (1)), we have a direct sum decomposition 

(2) f) = (f)+ © f)o) + / G = f)+ © f)o © f)- 

Let II + : [) — > f) be the projection on f) + along f) © f)-. 

Let i/, and Hq be the affine group scheme over Spec(W (k)) of invertible ele- 

ments of f), f)_|_ © t)o, and f)o (respectively). Due to Subsection 2.5 (ii), we have a sequence 

(3a) H (W(k)) < #+ (W(fc)) < #(W(fc)) ^ G{W{k)) 

of subgroups. As f)+ and [)_ are nilpotent subalgebras (without unit) of f), we have 

(36) 1 M + f)+ < #+o(W(fc)) and 1 M + h_ ^ # (W(fc)). 

From Subsection 2.5 (iii) we get that we have a natural split short exact sequence 

(3c) 1 -> 1 M + f)+ -> #+ (W(fc)) -> # (W(fc)) -> 1. 

Based on (2), for each element ft G if(W(/c)) we can write uniquely 

ft = l M + a(h) +b(h) +c(ft), 
where a(ft) G h+, 6(ft) G f)o, and c(ft) G f)_. We have a(h) = II + (ft). 

3.1.1. The ideal i. If £q = 0, let i be the two-sided ideal of the W(k) -algebra () = 
generated by h + and ()_. If £q > 1, let i := h + + [)_ + p ia g. We check that i is a 
topologically nilpotent, two-sided ideal of f). If £g = 0, this is so by the very definitions 
(see rules 1.2 (a) and (b)). We assume that £q > 1. This implies that p e °Q is a topologically 
nilpotent, two-sided ideal of f). As f)+ is a nilpotent, two-sided ideal of f) + © f)o, its image 
in l)/p ea Q = f)+ © f) /[(f)+ © fjo) n p ia Q\ is a nilpotent, two-sided ideal. Thus p^ G Q + f)+ 
is a topologically nilpotent, two-sided ideal of f). As [)_ is a nilpotent, two-sided ideal of 
[)o © f)- and as f) © f)- surjects onto t)/(p e °Q + f)+) = f)o/[J)o H (?/ G + f)+)], the image of 
[)_ in t)/(p e °g + t)+) is a nilpotent, two-sided ideal. From the last two sentences, we get 
that i = p ea Q + f) + + f)_ is a topologically nilpotent, two-sided ideal of [). 

3.1.2. Fact. For each element ft = 1m + a,{h) + b(h) + c(ft) G H(W{k)), we have 
l M + b(h) G H (W(k)). Therefore also 1 M + a(h) + b(h) G H 0+ (W(k)). 
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Proof: As 1m + b(h) and h are congruent modulo i, the first part of the Fact follows from 
Subsection 2.5 (iv). The last part of the Fact follows from (3c). □ 

3.1.3. On H Q . As f) = Q H O , we have </>(f)o) = J)o (see Example 1.2.2). Let f) z p be the 
Zp-subalgebra of f)o formed by elements fixed by <p. Let -f/oz p be the affine group scheme 
over Spec(Zp) of invertible elements of f)oz p - The group scheme Hqz p is a Z p -structure of 
H and thus the Frobenius automorphism a acts naturally on H (W(k)) = H z p (W(k)): 
for * G .f/o(W^(ft)) we have cr(*) = </>(*). The scheme H z p is an open subscheme of the 
vector group scheme over Spec(Z p ) defined by ()oz p (viewed only as a Z p -module). Thus 
the affine, smooth group scheme H z p has connected fibres. 

3.1.4. Lemma. Let f+ be a W(k)-submodule of h + . Let j := f + © [)o © f)_. VFe consider 
the following three conditions: 

(i) we have n + (f + f)_ + Jj_f+) C f+; 

(ii) the W(k)-module f + is a left and right i)o-module; 

(iii) we have f+ C f + (i.e., f+ is an algebra). 

Then the following three properties hold: 

(a) Conditions (i) and (ii) hold if and only if j is a left and right f)o © f) --module. 

(b) Conditions (ii) and (iii) hold if and only if f + © t)o is a W \k)-subalgebra of 
f)+©f)o- 

(c) The three conditions (i) to (iii) hold if and only if) is a W (k)-subalgebra of I). 

Proof: As t)o © f)_ is a VF(/c)-subalgebra of f), j is a left and right f)o © f)_-module if and 
only if we have f + f) + f)of+ + f+t)- + f)-f+ ^ )■ We have f+f)_ + f)-f+ C j if and only 
if (i) holds. As f) + is a left and right f)o-module, we have f + f)o + f)of+ ^ j if an d only if 
f_i_f)o + f)of+ ^ f+ and thus if and only if (ii) holds. Part (a) follows from the last three 
sentences. As h + is an algebra and a left and right f)o-module, we have (f + ©f)o) 2 C f+©f)o 
if and only if + f+f)o + f)of+ ^ f+ and thus if and only if conditions (ii) and (iii) hold. 
Thus (b) holds. Part (c) follows from (a) and (b). □ 

3.2. Subalgebras. In this Subsection we list several subalgebras of t). 

3.2.1. Frobenius filtration of [) + . For % G N U {0} let 

h +)i := f)+ n = h+n 0*( DL+). 

We have h_|_ 5 o = </ ) (f)+,i) ^ f)+,i+i ^ f)+,i? and each h +)i is a VF(/c) -module and a 
nilpotent algebra. As </> l (f)o) = f)o (see Subsubsection 3.1.3) and as h+ is a left and right 
I)o-module, is also a left and right f)o-module. As all Newton polygon slopes of (t) + , 4>) 
are positive, we have n^ f) +) j = 0. Thus (f)+,i)ieNu{o} is a decreasing, separated, and 
exhaustive filtration of h+ to be called the Frobenius filtration. 

3.2.2. The Theta operations. We assume that f) + ^ 0. Let M(f) + ) be the set of 
VF(/c)-submodules of t)+ endowed with the pre-order relation defined by inclusions. We 
consider the increasing operators 0, a , 6 S : M(f) + ) — > M(f)+) that take f + G M(f) + ) to 

e(f+) := ft + n + (f+h_ + h_f+) + 0(f+) g M(h + ), 
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6 a (f+) := f 2 + + n + (f + [)_ + f)_f + ), and 9 s (f+) := n + (f + h_ + J>_f + ). We have identities 
0(f+) = O a (f+) + 4>{f+) and a (f_|_) = f+ + s (f+). The lower right indices a and s stand 
for algebraic and slope module (respectively), as suggested by Lemma 3.1.4 (a) and (c). 
For ieNU {0} let 

u ■■= ©*(&+)• 

As © is increasing and as 0(f) + ) C f) + , we have fj+i = 0(f$) C f i C f) + . 

3.2.3. Lemma. VFe assume that t) + ^ 0. Let z G N U {0}. T/ien := fi © f)o © h- is a 
W{k)-subalgebra oft). 

Proof: We use induction on i. For j = 0we have eo = f) and thus the Lemma holds. The 
passage from z to % + 1 goes as follows. We check that the three conditions (i) to (iii) of 
Lemma 3.1.4 hold for f + := f i+1 . As f i+1 C % we have s (f i+ i) C s (f;) C 9 (ft) = f i+1 . 
Thus condition 3.1.4 (i) holds. To check that condition 3.1.4 (ii) holds, it suffices to show 
that each one of the following four elements ff, II + (fjf)_), II + (h_fj), and 4>(U) of M(J)+) 
are left and right ()o-modules; we will only check that they are left ho-modules as the 
arguments for checking that they are right f)o-modules are entirely the same. As fi is a left 
f)o-module, ff is also a left f)o-module. We have f) n + (fif)_) = n + (f) fif)-) = II + (fjh_) (the 
last equality as fi is a left f) -module). We have f) n + ([)_fj) = n + (f) f)_fi) = n + (h_fj) (the 
last equality as [)_ is a left l)o-module). We have f)o<Kfi) = 0(l)o)<Kfi) = 0(fyofi) = <Kfi)- 
Thus condition 3.1.4 (ii) holds. As C f? C f i+1 , condition 3.1.4 (iii) also holds. Thus 
e^+i is a VF(/c)-subalgebra of f), cf. Lemma 3.1.4 (c). This ends the induction. □ 

3.2.4. Lemma. We assume that t)+ ^ 0. Let i G N U {0}. Then s (fj +ji ) C f) +ji . 77ms 
h +) i © [)o © f)- «s a W(k)-subalgebra oft). 

Proof: Let x G h +) j and j/ G h_. As z := — + n + (:n/) G f)o © ()-, we have z := <fi~ l (z) G 
fl (O © 0_). As x G and y G f)_ C g n 0_, we have x := (p~ l (x) G g fl L + and 
zy := G g n L_. Thus n + (xy) = z + xy = <j>*(z + xy) G ^(g) i.e., U+(xy) G 

h + fl </> l (g) = t)+,i- A similar argument shows that Ii + {yx) G f)+,i. Thus Q s (t) +:i ) C f) +;i . 
As h+ ; j is an algebra and a left and right f)o-module (see Subsubsection 3.2.1), from Lemma 
3.1.4 (c) we get that h +;i © f) © f)- is a W(/c)-subalgebra of h. □ 

3.2.5. Lemma. We assume that f) + ^ 0. T/ien f aj00 := n°^ o a (f) + ) is 0. 

Proof: Let i be as in Subsubsection 3.1.1. Let rio be the topologically nilpotent, two-sided 
ideal of the M / (/c)-algebra f)o such that we have i = h_|_©rioffif)-. We will check by induction 
ongGN that f aj00 C \ q + tto + f)-. As f a;00 C f) + C i, the basis of the induction holds. The 
passage from q to q + 1 goes as follows. Let ieNbe such that 6 a (f) + ) C i q + no + f)- C i. 
We have 

a +1 (h+) = (0 a (h+)) 2 + e.(ei(f>+)) c (i« + n + h_) 2 + e s (h + n (i« + n + o_)) 

C + n + f)_ + e s (f)+ n (i« + n + fj_)). 

Let a; G f)+ fl (t 9 + no + f)_) C t and y G f)_ C i. We have n + (xy) - xy G no ()_ and 
^ G i 9+1 +(n +[)-)[)- C i« +1 +n +^_. Thusn + (xy) = [n + (xz/)-xy]+xz/ G i« +1 +n +()-. 
A similar argument shows that Ii + {yx) G i 9+1 +n + f)-. From the last two sentences we get 



12 



that 9 s (() + n(i' ? + no + [)_)) C i« +1 +n + f)-. We conclude that C i« +1 +n + b-. 

This implies that f aj00 C + tio + f)_. This ends the induction. 

As i is topologically nilpotent, we have n g£ N(i 9 + no + f)_) C n qe fq(p q l) + no + f)_) = 
no + f> — This implies that f a>00 C n + fj_. Thus f a>00 C fj+ n (n + f)_) = i.e., f a>00 = O.D 

3.2.6. Lemma. We assume that f) + 7^ 0. Then foo := n°^ fi is 0. 

Proof: We show that the assumption that foo 7^ leads to a contradiction. As we have 
inclusions C f^ C fj C f) + = f) + and as n°^ f) +) i = 0, there exists a greatest number 
io G N U {0} for which there exists 2 G N such that we have inclusions foo C fj C f) +j i . 

As e s (h +)l0+1 ) c f,+ 

,i +i ( c ^- Lemma 3.2.4) and as f)+ io +i + 0(f)+ 5 j o +i) C f)+,i +i 
(cf. Subsubsection 3.2.1), we have 0(f) +) j o+ i) C f) +)io+1 . Based on this and the inclusion 
4>{h+,i ) — b+,io+i) an eas y induction on j G N shows that the images of fi +J - = J (fi) and 
0{(fi) in f)+ jio /f) +jio+ i coincide. Let j G N be such that we have 0{ o (f)+) C f)+,; 0+ i, cf. 
Lemma 3.2.5. Thus the image of f i+jo in h +;io /f) +5 j 0+ i is 0. Therefore foo C f i+J - C f) + , io+ i 
and this contradicts the choice of io- Thus foo = 0. □ 

3.3. Isomorphism properties. In this Subsection we list properties of the isomorphism 
classes of those latticed F-isocrystals with a group over k which are of the form (M, g<fi, G) 
with g G G(W{k)). We recall that a acts on Ho(W(k)) as </> does, cf. Subsubsection 3.1.3. 

3.3.1. Lemma, (a) We have H (W(k)) = {* _1 </>(*)|* G H (W(k))}. 

(b) Ifm G N, thenKer(H (W(k)) -> ff (^mW)) = e ifer(#o(W(£0) -> 
^o(W m (fe)))}. 

(c) For each * G H +0 (W(k)), we have (/>(*) G H +0 (W(k)). 

(d) Let f+ and f_ 6e two /e/£ and right \)q -modules contained in f)+ and f)_ (respec- 
tively). Let g G H(W(fc)) 6e snc/i that a(g) G f+ and c(g) G f_ . TTien there exists an 
element ho G Ho(W(k)) such that for go '■= /lofi^^o) -1 e -ff(VF(/c)) we aave a(go) G f+, 
6(</o) = 0, and c(g ) G f_. 

Proof: As i?oz is an affine, smooth group scheme over Spec(Z p ) whose special fibre is 
connected (see Subsubsection 3.1.3), (a) and (b) are only the Witt vectors version of Lang 
theorem for affine, connected, smooth groups over F p ; see [NV, Prop. 2.1] and its proof 
for details. As 0(f)+) C t) + and (fi(H Q (W(k))) = H (W(k)), from (3c) we get that for each 
* G H+o(W(k)) we have <f>(*) G H +0 (W(k)). Thus (c) holds. 

We prove (d). We have l M + b(g) G H (W(k)), cf. Fact 3.1.2. Let h G H (W(k)) 
be such that 1m + b(g) = /i ~ 1 ^)(/io), cf. (a). We have go = hoa(g)(p(ho)~ 1 + ^o[1m + 
6(fif)] ( /)(/io)" 1 + hoc(g)(j)(ho)~ 1 = 1 M + hoa(g)(f){ho)~ 1 + hoc(g)(f){ho)~ 1 . As f+ and f_ are 
left and right f) -niodules, we have h a(g)(j)(ho)~ 1 G f + and hoc(g)(p(ho)~ 1 G f_. Therefore 
a(go) = /i a(fi r )</>(/io)" 1 e f+ and c(g ) = h c(g)(f)(h )- 1 G f_. Thus (d) holds. □ 

3.3.2. Lemma. Let g = 1m + c(g) G 1m + f)- ■ TTien t/iere exists an element h G 

n (1 M + f)-[^]) swc/i t/iai we Ziaue hg(f)(h)~ l = 1 M - 

Proof: Fori GNU {0} let g { := (f)~ l {g) = 1m + (p~ l (c(g)). As _i (O_) C 0_, we have 
— *(f)_) C 0flO_ C gfl f)-[p-] and thus 4>~ l (c(g)) is a nilpotent element of g. This implies 
that gi = 1m + (f>~ l (c(g)) is an invertible element of g i.e., we have gi G G(W(fc)). We 
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have g = g . For % E N we have 4>(gi) = gi-\. As all Newton polygon slopes of (L_, 0) are 
negative, the sequence (<p~' l (c(g)))i e ?>s of elements of g n 0_ converges to 0. This implies 
that the element h := lim^oo giQi-\ • • • g± E GiWik)) is well defined. We compute that 

hg^h)' 1 = lim • • • gig4>{gi)~ X ■ ■■(p(gi- 1 )~ 1 (p(gi)~ 1 = lim g t ■ ■ ■ gog^ 1 ■ ■ ■ g~\ 

is equal to lim^oo gi = 1m- D 

3.4. Proof of 1.3 (a). We prove Theorem 1.3 (a). Let g E G(W(k)) be congruent to 
1m modulo p e ° . As g — 1m G P l °Q ^ f), we have g E f). As g G G f L M (W / (^)), we have 
# G H(W(k)) (cf. Subsection 2.5 (i)). Thus to prove Theorem 1.3 (a), it suffices to prove 
the following stronger statement: 

(*) for each element g in H(W(k)), there exists an element h g in G(W(k)) such 
that hgg^ihg)' 1 = 1 M - 

We will first prove the following Lemma. 

3.4.1. Lemma. Let g E H(W(k)). Then there exists an element h+ E H + o(W(k)) such 
that g + := h + g<f>(h + )~ 1 E H(W(k)) has the property that a(g + ) = 0. 

Proof: We can assume that f)+ ^ 0. For % E N U {0}, let e 2 = f; © f) © f)- be the W(k)- 
subalgebra of f) constructed in Lemma 3.2.3. By induction on i E N U {0} we show that 
there exists hi E H +0 (W(k)) such that gi := hig^hi) -1 E H(W(k)) has the property that 
a(gi) E ti. Taking ho = 1m, we have go = g E f) = eo- Thus the basis of the induction 
holds. The passage from i to i + 1 goes as follows. 

We will take hi + i to be a product of the form hi^hi^hi. Let Si E N U {0} be the 
greatest number such that we have h(gi) E p Si t)o- Let h ii0 G Ker(H (W(k)) — > H^W^^k))) 
be such that we have /i; i0 (1m + ^(fi'i)) ( / , (^i,o) _1 = 1m, cf. Lemma 3.3.1 (b). The element 
^+1,0 := hi^gi^hi^y 1 E H{W{k)) has the properties that a(g i+lj0 ) E U and b{g i+lfi ) = 
0, cf. proof of Lemma 3.3.1 (d) applied with (f + , f_) = (fj,f)_). Let hi :+ := ljvf-a^^o) G 
1m + f)+ ^ #+o(^(^))- We compute that 

gi+i = hi+tg^hi+t)' 1 = /i ii+ /i i)O fi ( i0(^,o)~V(^,+)~ 1 = ^,+fi , i+i,o^(^,+)~ 1 

= [1 M - a{g i+1 fi)][l M + a(g i+lj0 ) + c(gi +ljQ )][l M - 4>(a(g i+lt0 ))]~ 1 

= [1 M - a(g i+1) o) 2 - a(gi + i$)c(gi +1 $) + c(#; + i )0 )][1m - 4>(a(g i+ljQ ))]~ 1 . 

As a(g i+lfi ) E U, the three elements -a(g i+lfi ) 2 , U + (-a(g i+1:0 )c(g i+lfi )), and <j>{a{g i+lfi )) 
belong to 6(fi) = f*+i- As U + (-a(g i+lfi )c(g i+lfi )) E f i+1 , we get that -a(g i+lfi )c(g i+li0 ) E 
ti+i. As ti + i is a VF(/c)-algebra, we conclude that both 1m — 4>( a (9i+i,o)) and [1m — 
fl(ft+i,o)][lM + a(g i+ i j0 ) + c(g i+1 ,o)} belong to e i+ i- From Subsection 2.5 (i) we get that 
[1m _ </ , ( a (fi , i+i,o))] _1 G Ci + i. Thus we have (7i_|_i G e^+i . This ends the induction. 

Due to Lemma 3.2.6, the sequences (a((7i))ieNu{o} an d (fl(fi'i+i,o))ieNu{o} °f elements 
of t)+ converge to 0. We have b{g i+1 ) = [1 M - a{g i+1) o)}[l M + a(g i+lj0 ) + c(g i+lj o)}[l M - 
4>(a(gi + i } o))]~ 1 — 1m — a(9i+i) — c((7i+i) G f)o- From the last two sentences we easily 
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get that the sequence (o(<7i+i))ieNu{o} °f elements of f) converges to 0. Thus the se- 
quence (5i)ieNu{o} °f non-negative integers converges to oo. This implies that the sequence 
(^i,o)ieNu{o} °f elements of H (W(k)) converges to 1m- As hi ;+ = 1m + a(gi+i,o), the se- 
quence (/ii,+)ieNu{o} converges to 1m- Thus the sequence (/ii,+/ii,o)ieNu{o} of elements 
of H +0 (W(k)) converges also to 1m- As hi + i = hi^hi^hi, we get that the sequence 
(/ii) i6 Nu{o} °f elements of H +0 (W(k)) converges to an element h+ G H +0 (W(k)). We have 
g + = h + g(j)(h+)- 1 = lim^^ hig^hi)' 1 = lini;^ a; G n^ e i = D^ fi © f)o © *)-■ Thus 
g + G f)o © f)_, cf. Lemma 3.2.6. Therefore a(g+) =0. □ 

3.4.2. End of the proof of 1.3 (a). Let g G H(W(k)). Let h+ G H +0 (W(k)) 
and g + G iy(W(fc)) be as in Lemma 3.4.1. Let ho G H (W(k)) be such that for g := 
hog+^ho) -1 G H{W{k)) we have a(<7o) = b(g ) = 0, cf. Lemma 3.3.1 (d) applied with 
(f + ,f_) = (0, [)_). Let h- G G{W(k)) be such that we have go = /iI 1 </>(/i_), cf. Lemma 

3.3.2. Due to (3a), the element h g := h-hoh + belongs to G(W(k)). We have hgg^hg) -1 = 
h-hoh+g^h+y^iho)- 1 ^-)- 1 = h-hog+^ho)- 1 ^.)- 1 = a_<7 <KM _1 = 1 M . Thus 
the statement 3.4 (*) holds. This ends the proof of Theorem 1.3 (a). □ 

3.4.3. Remarks, (a) The proof of Theorem 1.3 (a) can be also worked out using 
P ia 5 + f)o + instead of f) = p t(S Q + f)+ + f) . 

(b) If g G H +0 (W(k)), then a g = h h + G i/ +0 (M / (/c)). Thus we have an identity 
H +0 (W(k)) = {*"V(*)|* e #+o(W(&))} (to be compared with Lemma 3.3.1 (a)). 

3.5. Proof of 1.3 (b). We prove Theorem 1.3 (b). We consider a direct sum decompo- 
sition 

(4a) M = 0M t 

iei 

with the property that for all elements i of the finite set I we have 0(Mj[^]) = and 
(Mi,(j>) is isoclinic. For instance, we can take I to be the set of Newton polygon slopes 
of (M, (p) and then as each M, we can take M D VF(i) (see Subsubsection 1.1.2 for VF(o;) 
with a G Q). For each i € J, let G Q be the unique Newton polygon slope of (Mj,0). 
In Subsubsection 3.5.1 we do not assume that the association i — > ojj is one-to-one. 

3.5.1. Scholium. One computes ^gl m as follows. For z G i", let 23j be a W(fc)-basis for 
Mi. Let 3 := U ie /Bi; it is a W(/c)-basis for M. Let £* := G 2} be the W(/c)-basis 

for M* which is the dual of 23 (see Subsection 2.1). 

Due to (4a), we have direct sum decompositions 

End(M) n L+ = Hom(M,, Mj), 
End(M) n L = End(Mi), 

and 

End(M)HL_= Hom(Mj,Mi). 

i,jEl, a.i<otj 



15 



Thus End(M) = (End(M) n L+) © (End(M) n L ) © (End(M) n L_) and therefore 

(46) End(M)/0 = [(End(M) n L+)/0+] © [(End(M) n L )/O ] © [(End(M) n L_)/0_\. 

For i,j E J, x E 'Bi, and y E H>j, we define a number £(x,y) 6 NU {0} via the 
following two rules: 

• if ctj > aj, let £(x, y) G N U {0} be the smallest number such that we have 
pft x >v)<l>9(x © y*) E Hom(M J -, Mj) for all q E N; 

• if ctj < a,, let £(x,y) E N U {0} be the smallest number such that we have 
p i{x,y)^- q ^ x (g, y *) e Hom(M J -, Mi) for all g G N. 

Let £o 5 ^- ^ NU{0} be the smallest numbers such that p + annihilates (End(M)n 
L+)/0+, p l ° annihilates (End(M) n L )/O , and p £ - annihilates (End(M) n L_)/0_. As 
0+ = n geNU { }</>" 9 (End(M) HL + ) = n g6NU { }End((/)"' ? (M) n L+), £+ is the smallest non- 
negative integer with the property that we have p^+(End(M) flL + ) C (p~ q (M) (~)L + for all 
q E N (i.e., we have p e + c/) q (End(M) n L+) C End(M) for all g G N). As {x©y*|x G G 
'Bjjijj G /, ctj > ctj} is a VF(/c)-basis for End(M) fl L + , we get that £ + is the smallest 
non-negative integer such that we have p i+ (p q (x © y*) E Hom(Mj,M^) for all q E N, all 
z, j G / with CKj > a^, and all x G 23 j and y EBj. Therefore 

(5a) £ + := max{^(i, y)|x G 2$i,y G "Bj,i,j E I, oti > otj}. 

Similar arguments show that 

(56) £ = max{£(x, y)\x,y G E 1} 

and that 

(5c) £- := msix{£(x,y)\x E B>i,y E "Bj,i,j & I,cti < otj}. 

From (46) and the very definitions of £ + , £ , and £- we get that max{£ + , £ , £_} E NU {0} 
is the smallest number such that p max {^+>W-} annihilates End(M)/0. 

Next we define a number £gl m ^ {0, 1} via the following rules. If O = End(M), let 
£ GL M : ~ ^GL M ru l es 1-2 (a) and (b)); we have £+ = £q = £- = and thus £gl m = 
max{£GL M ^+,4, £-}■ If O ^ End(M), let sgl m '■= °! we nave ^G£m = max{£ + , £ , £-} 
(cf. rule 1.2 (b)). From the last two sentences and the formulas (5a), (56), and (5c) we get 
that, regardless of what O is, we have 

(6a) £ G l m = max{s G L M ,£+,£o,£-} = max{eGL M ,£(x,y)\x,y E £}. 

The latticed F-isocrystals (Hom(Mj, Mi), <fi) and (Hom(Mj, M,), </>) are dual to each other 
(cf. Subsection 2.1) and the dual of the W(fc)-basis {x©y*|x G !Bj, y G £-,} of Hom(M 7 -, M;) 
is the VF(/c)-basis {y © x*|a; G B>i,y G £j} of Hom(Mj,Mj). Based on this, from the 
property 2.1 (*) we get that for all i,jEl we have an equality 

(66) ma,x{£(x,y)\x E H>i, y E £-,} = max{£(y, x) \x E Hi, y E Bj}. 
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3.5.2. Reduction steps and notations. Let £ := £gl m - Based on Theorem 1.3 (a), we 
have ncL M — Thus to prove that ugl m = ^ ^ suffices to show that ugl m > ^ — 1- If 
n GL M = 5 then £ = (see Lemma 2.3) and therefore ugl m > ^ — 1- Thus to prove that 
n GL M = £■> it suffices to show that for £ > 2 we have iigl ■,, > £ — I- To check this we can 
assume that the map / — > Q that takes / G I to a\ G Q is injective (i.e., for each element 
/ G I we have M, = M n W{cti)). 

Let q be the smallest positive integer for which the following two properties hold: 

(i) there exists a VF(/c) -basis 2 = Ui e iH>i for M which is contained in U; 6 /M; and 
for which there exist elements i,jEl,xE r BiQ Mi, and y G £j C Mj such that (cf. (6a) 
and (66)) we have £(x, y) = £ and aj < af, 

(ii) we have e qtXtV := p i{ - x ^^ q {x®y*) = p^ q {x®y*) G Hom(Mj, Mi)\p Hom(Mj, Mj). 

The existence of q follows from (6a), (66), and the very definition of the numbers £(x,y). 

For z G M, let a ZjQ be the unique integer such that we have 4> q (z) G p az ' q M\p az - q+1 M. 
We can choose the W(k)-h&sis S = U^B; such that we have a direct sum decomposition 
M = 2623 W{k)p~ az ' q (f) q {z) i.e., we have 0"«(M) = 2623 W^Jfe)? -0 *-'*. Let 

a^q := min{a z ^ q \z G Bj} and 6 Jj9 := max{a Z; g|z G Sj}. 

Thus cii yq is the greatest integer such that we have <p q (Mi) C p ai < q Mi and 6 Jig is the 
smallest integer such that we have p b ^ q Mj C c/) q (Mj). The smallest number s G N U {0} 
with the property that p s 9 (Hom(Mj, Mi)) = p s Hom(0«(M,-), </> 9 (Mj)) is contained in 
Hom(Mj, Mj), is equal to max{0, bj iq — ai, q }; as e q ^ x , y G Hom(Mj, Mj)\p Hom(Mj, Mj), we 
have s > £(x, y) = £ > 2. As s < max{£ + , £ } < £, we conclude that 2 < £ = s = b^ q — a^g. 
It is easy to see that we have max{£ + , £q} > a Vtq — a XjQ > £(x, y), cf. property (ii) for the 
second inequality. From the last two sentences we get that a x>q = aj )9 and a y>q = bj, q . 
Thus we have £ = £(x, y) = a y ^ q — a XjQ = b^ q — aj )9 . As £ = a y ^ q — a Xjq > 0, we have x ^ y. 

3.5.3. The set A. Let A := {w G Mj \ pMi\a W)(l = a Xj9 }; it is the set of those elements 
w G Mj for which p~ ax ' q (p q (w) is a direct summand of M. Obviously the set A is stable 
under multiplication by invertible elements of W(k). For w G A let 

9w ■= 1m + P^w <g> y* G End(M); 

it is the endomorphism of M that fixes each element z G 23 \ {y} and that takes y to 
y +p e ~ 1 w. As £ > 2, we have g w G GLm(W"(A;)). As each g w is congruent to 1m modulo 
f/ -1 , to prove that ugl m > ^ — 1 it suffices to show that there exists an element w G A such 
that the latticed F-isocrystals (M, g w 4>) and (M, 0) are not isomorphic. We show that the 
assumption that this is not true leads to a contradiction. This assumption implies that for 
each element w G A there exists an element h w G GLiM(W(k)) which is an isomorphism 
between (M, g w (f)) and (M, (/)). Thus we have /i^g^/i" 1 = i.e., we have 

(7a) = 4>{h w ). 

We write a w = 1m + «ui, where G End(M). Substituting the expressions of h w and g w 
in (7a), we come across the following identity 

(76) u w +p £ ~ 1 w <g> y* + p e ~ 1 u w (w <g> y*) = u w + <g> y* = 0(tt w ) 
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(here u w (w © y*) is the product inside End(M) of u w and w © y*). In other words, if 
v w := w + u w (w) then the pair (u w , v w ) is a solution of the following equation 

(7c) U+p^VQy* = Q(U) 

in variables U and V that can take values in End(M)[^] and M (respectively). 

3.5.4. Fact. There exists an isomorphism between (M,g w (j)) and (M,(f>) defined by an 
element h w of GLiM(W(k)) which has the following two properties: 

(i) it acts identically on each Mi with I E I\ and leaves invariant Mi; 

(ii) if i 7^ j, then it acts identically on M i} leaves invariant Mi © Mj, and acts 
identically on (M { + Mj)/Mi. 

Proof: We will prove this only in the case when i ^ j (as the case i = j is even simpler). 
We know that g w acts identically on each Mi with / E I\{j} and on (Mj © Mj)/Mi. This 
implies that each Mi with I E I \ {j} is the maximal direct summand of M such that all 
Newton polygon slopes of (Mi,g w <f>) are equal to ai and that Mj © Mj is the maximal 
direct summand of M such that all Newton polygon slopes of (Mj ©Mj, <7 W 0) are equal to 
either ctj or a,-. From this and the fact that h w E GLiM(W(k)) is an isomorphism between 
(M, g w 4>) and (M, 0), we get that h w leaves invariant each Mi with I E I \ {j} as well as 
Mj © Mj. Even more, from the second sentence of this proof we get that h w restricted to 
each Mi with / E I \ {j} is an automorphism hi w of (Mi, 0) and moreover h w induces an 
automorphism of ((Mj © Mj)/Mj, 0) and thus an automorphism hj w of (Mj, 0). 

Let /low := Yliei e FLe/ GLmi (W(k)) ^ GrXM(W^(^)); it is an automorphism of 
(M, 4>). The element := h^h w E GLiM(W(k)) has all the desired properties. □ 

To reach the desired contradiction we can assume that we have h w = h w , where h w 
is as in Fact 3.5.4. We first consider the case when i ^ j. 

3.5.5. The case % ^ j. We assume that i ^ j (i.e., ctj < ctj). As h w = h w , we have 
u w E Hom(Mj, Mj). From this and the relation i ^ j we get that u w (w) = 0. As ctj < ctj, 
all Newton polygon slopes of (Hom(Mj, Mj), (p) are positive. Therefore for each V in Mj 
the sequence (0 m (p £_1 V A ©y*)) m >o converges to and thus all the solutions of the equation 
(7c) in Hom(Mj,Mj)[i] x M t are of the form (- YZ=o ^(p^V © y*),V). From this 
and the relation u w (w) = we get the following identity 

oo 

(id) u w = -J2<t> m (p e - 1 w®y*)- 

We have the following two properties of the terms of the sum (Id). 

(i) All the terms of the sum of (7d) belong to - Hom(Mj, Mj) (this is so as w and 
y belong to a VF(/c)-basis for M formed by elements of U^g/M; and therefore the element 
i(w,y) can be defined as in Subsubsection 3.5.1 and it is equal to i(x,y) = £). Moreover, 
all but a finite number of these terms belong to Hom(Mj, Mj). 
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(ii) The term ^(p^w ® y*) of the sum of (7d) belongs to ± Hom(M,-, M;) \ 
Hom(Mj,Mj) (cf. property 3.5.2 (ii) and the fact that a WjQ = a XiQ ). 

Let 7 be an invertible element of W(k). Let 7 G k \ {0} be its reduction modulo 
p. Based on properties (i) and (ii), the condition that the element u JW obtained as in 
(Id) belongs to Hom(Mj, M{) is expressed by 7 being a solution of a system of polynomial 
equations in one variable which have coefficients in k and which contain at least one 
polynomial of degree at least p q . Therefore there exist such elements 7 with the property 
that we have u JW G | Hom(M,-, Mi) \ Hom(Mj, Mi). Thus for such an element 7 we have 
710 G A and h lw = 1m + u lw £ GLiM(W(k)). Contradiction. 

3.5.6. Extra reduction steps. To reach the desired contradiction we can assume that 
i = j (i.e., ai = otj), cf. Subsection 3.5.5. As h w = h w and i = j, to reach a contradiction 
we can assume based on Fact 3.5.4 (i) that Mj — M (i.e., that / = {i}). Thus (M,<p) is 
isoclinic and we have O = Oq = A$ ®z p W{k), cf. Subsection 1.2. 

3.5.7. Lemma. We recall that v w = w + u w (w). Then we have v w G A. 

Proof: Due to the definition of g, we have 4> s (gw) G GLiM(W(k)) for all s G {1, ... ,q — 
1} but 4> q (g w ) GLiM(W(k)). From this and the equation (7a) we get that 4> s {h w ) G 
GL M (W(k)) for all s G {1, ... ,q} but (j) q+1 (h w ) <£ GL M (W(k)). Thus we have (j) s (u w ) G 
End(M) for all s G {1, . . . , q} but (j) q+1 (u w ) <£ End(M). 

Due to this and the identity (76) we get that (j) q (p i ~ 1 v w <g> y*) End(M). If 
4> q (p e ~ 1 v w ® y*) ^ ^End(M) or if v w G pM, then we have £ > i + 1 and this con- 
tradicts (6a). Thus we have ^(p^Vu, ® y*) G iEnd(M) \ End(M) and v w G M\pM. 

Therefore 4> q (p e v w ® y*) G End(M) \ pEnd(M) and v w G M \ pM. But we also have 
(j) q (p e x (g) y*) G End(M) \pEnd(M), cf. property 3.5.2 (ii). From the last two sentences 
and the very definitions of a WjQ and a Xtq , we get that a VnijQ = a X)9 . From this and the 
relation v w G M \ pM we conclude that v w G A. □ 

3.5.8. Lemma. Let (u,v) G End(M) x M be a solution of the equation (7c). 

(a) Then we have {u,p l ~ x v <g> y*} C End(M) n |0. 

(b) Let ui G pM. T7ien there exists a solution (u + ui, v + v 1) of the equation (7c) 
with u± G O. 

Proof: We have pp i ~ 1 v®y* G f/End(M) C O. It is easy to see that for each element «/ G O, 
the equation * + w = (p(*) in * has a solution in (fi(O) = O = Oq and thus also in End(M). 
Let u G O be such that we have u + pp i ~ 1 v £g> y* = <^(it). Thus pu — u = (p(pu — u) belongs 
to A [±] HEnd(M) =A CO. Therefore we have u G End(M) n \0. Thus (a) holds. Part 

(b) follows from the fact that there exists u\ G O such that u\ + p l v\ ®y*= <j>(ui). □ 

3.5.9. Morphisms between ^-schemes. Let M be the affine space (scheme) over k 
defined naturally by the /c-vector space M/pM. Let ip q : M — > M be the morphism of 
/c-schemes that takes * G M,(k) = M/pM to the element of M(/c) which is the reduction 
modulo p of p~ ax ' q (p q (*) G M, where * G M is an arbitrary lift of rh. 

The set Im(A — > M/pM) is the set of /c-valued points of the open, non-empty sub- 
scheme S := <p~ 1 (M \ {0}) of M. For each solution (u, v) G End(M) x M of the equation 
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(7c), a similar argument to the proof of Lemma 3.5.8 shows that v modulo p determines u 
modulo Aq up to a finite number of possibilities. From this and the identity w = v w — u w , 
we get that the association that takes (w,u w ) modulo p to v w modulo p has finite fi- 
bres. This association can be viewed as the one defined naturally (at the level of /c-valued 
points) by a morphism of /c-schemes whose codomain is S and whose domain has the same 
dimension r as S. By reasons of dimensions, we get that: 

(i) There exists an open, non-empty subscheme V of S which has the property that 
each /c-valued point v of V is of the form v w modulo p for some elements mi G A and 
u w G End(M) such that (w,v w ) := (w, w + u w (w)) is a solution of the equation (7c). 

Let O := \OjO and let E be the image of End(M) n \0 in 6. Both 6 and E are 
/c-vector spaces. Let and £ be the affine spaces (schemes) over k defined naturally by 
the k- vector spaces O and E (respectively). Let (p : — > be the morphism which takes a 
k- valued point of defined by some element oG to the k- valued point of defined by 

the element 4>{o) — o G (we think of as a finite, surjective endomorphism of G„ ). Let 
5F := £fl0 _1 (£). Thus ^is a closed subscheme of equipped with a morphism mi : 3" — > £ 
induced from (we think of mi as a homomorphism between closed subgroup schemes of 

2 

). Based on Lemma 3.5.8 (a) we can speak about the natural images u w and v W;V of 
u w and p t ~ 1 v w <E> y* (respectively) in O and thus about /c-valued points (denoted in the 
same way) u w G 3(k) and G £(/c) with the property that mi maps u w to v WjV . 

We have a natural morphism of /c-schemes rri2 : V — > £ which at the level of /c-valued 
points maps a fc- valued point of V represented by an element v G A to the /c-valued point 
of £ defined by the image of p l ~ x v <g> G p^ _1 End(M) C in O. From the property (i) 
and the previous paragraph we get that the natural morphism 

i : V x £ 3^ V 

associated to the fibre product of mi and m 2 , is surjective. As the morphism 0:0^0 has 
finite fibres and it is of finite type, the finite type morphism i is quasi-finite and therefore 
it is generically finite. From this, the property (i), and Lemma 3.5.8 (b) we get that: 

(ii) There exists an element v G A that defines naturally a /c-valued point of V and 
there exists a finite subset F of k such that for each algebraically closed field k\ that 
contains k and for every invertible element 7 of W(k\) whose reduction modulo p does not 
belong to f , the following equation in U 

(7e) U +p e ~ 1 -fv(g)y* = ((p(g)a kl )(U) 

obtained from (7c) by replacing (V, <fi) with (jv, ^(gXTfcJ, possesses a solution in End(M^) w ^ 
W{ki)). Here a kl is the Frobenius automorphism of the ring W{k\) of Witt vectors with 
coefficients in k\. 

3.5.10. Good choice of 7. We will take k\ to be an algebraic closure of k((X)), where 
X is an independent variable. We identify W(fc)[[X]] with a VF(/c)-subalgebra of W{k\) 
that contains the invertible element X = (X 7 0, ...) of W{k\). We will take 7 := tX, 
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where r is an invertible element of W(k). We have a^X) = X p . For this choice of 7, 
the equation (7e) has (up to addition of elements in the free Z p -module ^A of rank r 2 ) a 
unique solution 

00 

(7/) UtX = -J2 X p ">*V- 1 ™ ® y*) 

m=0 

in ±0 ©vK(fc) W^(^i)- In fact we have u tX G ^End(M) ©V7(fc) As G A, from 

the property 3.5.2 (ii) we get that the term X p<1 <f) q (p e ~ 1 rv © y*) of (7/) does not belong to 
End(M) ®vK(fc) The last two sentences imply that the intersection (u T x + p^-o) H 

[End(M) (S>v7(fc) W(fci)] is empty and therefore we reached the desired contradiction. 

3.5.11. End of the proof. The contradiction we reached implies that ugl m > ^ — 1- 
Thus noL M = £ = P-GLm- This ends the proof of Theorem 1.3 (b) and therefore also of the 
Main Theorem A. □ 

3.6. Remarks. Suppose (M, <fi) is a direct sum of isoclinic latticed F-isocrystals over k. 

(a) We have a direct sum decomposition g = (g n L + ) © (g fl L ) © (g fl L_) of 
W(fc) -modules. Thus Ogr = g fl O and therefore g/Oo ^ End(M)/0. From this inclusion 
we easily get the following monotony properties: we have Iq < £gl m an d therefore (cf. 
Main Theorem A) we also have ng < ugl m ■ 

(b) We assume that (M, 0) is the Dieudonne module of D; thus ^g£m = ^£>- We 
will use the notations of Subsection 3.5. We also assume that there exist elements x,y G H> 
such that £(x, y) > 2 and we have x G Hi and y G with aj < on. Let (7 G (jLm(W^(&)) 
be the element that fixes each z G H> \ {y} and that takes y to y + p^ x,y '~ 1 x. Let _D 3 
be a p-divisible group over k whose Dieudonne module is isomorphic to (M,g<J)). Then 

[y/O^j/)- 1 ] is isomorphic to _D[jA x '^) _1 ] and D g has the same Newton polygon as D (as 
ctj 7^ If by chance we also have an identity £d = £(x,y), then Subsection 3.5 can be 
easily adapted to give us that, up to a replacement of x G 23j by a multiple of it with an 
invertible element of W(k), we can assume that D g is not isomorphic to D. 

3.7. Variant of 1.3 (b). Let (M, 0, G) be a latticed F-isocrystal with a group over 
such that Assumption 1.1.1 holds. We assume that the following two conditions hold: 

(i) we have no > 1 and a direct sum decomposition g = (g(~)L + ) © (gflL ) © (gflL_) 
(or g = (g n L+) © [g n (L © L_)] or g = [g n (L+ © L )] © (g n L_)) of W(/c)-modules; 

(ii) for all 5 6 N, there exists a VF(/c)-basis £ for M and a sequence of integers 
(d'z,q)ze'S> such that certain subsets of {x © G 23} are VF(/c)-bases for all direct 
summands of g listed in (i) and moreover we have M = Q) z e r BW(k)p~ az - q (j) q (z). 

Then the proof of Theorem 1.3 (b) (see Subsection 3.5) can be entirely adapted to 
give us that uq = £g- We only add here two things. First, if by chance in Subsubsection 
3.5.2 we have £(x, y) = £gl m with x G 23j and y G Hj such that aj > then one needs 
to use (p~ q (instead of (fi q ) with q G N in order to reach the desired contradiction. Second, 
if we have g = (g n L+) © [g n (L © L_)] (resp. g = [g n (L+ © L )] © (g H L_)), then one 
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needs to use Lemma 2.4 in order to be able to treat g fl (L © L_) (resp. g fl (L + © L )) 
in the same manner as g fl L_ (resp. as g fl L + ). 

4. Direct applications to p-divisible groups 

In this Section we prove the results stated in Subsubsections 1.4.2 to 1.4.4 (see 
Subsections 4.5 to 4.7). In Subsections 4.1 to 4.4 we introduce basis invariants of p-divisible 
groups over k and we present basic properties of them that are needed in Subsections 4.5 
to 4.7. Until the end we will assume that (M, 0) is the Dieudonne module of D. 

4.1. Definitions, (a) Let q £ N. Let ao(q) £ N U {0} be the greatest number such that 
we have <j) q (M) C p aD ^M. Let Pd{q) £ N U {0} be the smallest number such that we 
have ^(''M C <j) q {M). Let 6 D (q) := (3 D {q) - a D (q); as p^^M C 9 (M) C p aD ^M, 
we have 5 D (<?) e NU{0}. 

(b) We assume that D is isoclinic. Let m := g.c.d.{c, d}. Let (ci,di,ri) := 
(m' m' m) 1 Let M ° := SU P{° 5 #d ( r i™) - din|rc e N}. Let u D := sup{0,<iin - a D (rin)\n £ 
N}. Let vo '•= sup{0, /3d (rn) — dn\n £ N}. Let {>£> := sup{0, (in — a,o(rn) \n £ N}. Propo- 
sition 4.3 (c) and (b) below will imply that ud, u^, vd, and U£> are non-negative integers 
and therefore that in their definition we can replace sup by max. 

(c) Let (Mi, 4>i) and (M2, ^2) be the Dieudonne modules of two isoclinic p-divisible 
groups Di and D 2 (respectively) over k. Let ol\ and 0:2 be the unique Newton polygon 
slopes of Di and D 2 (respectively). Let £d 1 ,d 2 £ NU{0} be the smallest number that has 
the following property: 

(i) if a x < a 2 , then for all q £ N the W (k)-modu\e <j) q (p iD ^ D 2 Hom(Mi,M 2 )) = 
p £ d 1 ,d 2 E.om((f) q (M 1 ),(f) q (M 2 )) is included in Hom(Mi,M 2 ); 

(ii) if a\ > a 2 , then for all q £ N the W(k)-modu\e (f)- q (p eD i> D 2 Hom(Mi,M 2 )) = 
P 1 d 1 ,d 2 H om ((p-<i(Mi),(p- q (M2)) is included in Hom(Mi,M 2 ). 

(d) Let Ed '■= £gl M i where the number egl m e {®-> 1} * s as m Scholium 3.5.1. 

4.1.1. Remark. If cd = 0, then O = End(M) and therefore Id = £d = 0. If c, d > 1 
and D is ordinary (i.e., isomorphic to (Q p /Z p ) c © (/x p0 o) d ), then O = End(M) and the 
two-sided ideal of the VF(/c)-algebra End(M) generated by + © 0_ is End(M); thus 
£d = £d = 1- If c, d > 1 and L> is not isomorphic to (Q p /Z p ) c © (/x p00 ) d , then End(M) 7^ O 
and therefore £d > and £d = 0; moreover £ N is the smallest number such that we 
have p^End(M) C O (cf. rule 1.2 (b)). 

4.2. Simple properties. In this Subsection we list few simple properties of the invariants 
we have introduced so far. 

4.2.1. Fact. We have no = bd' and £d = ^d 1 - 

Proof: We show that rip < not. Let C be a p-divisible group of codimension c and 
dimension d over fc. If C[p n £>*] is isomorphic to D[p n D^^ then taking Cartier duals we get 
that C'^" '] is isomorphic to D t [p n D t ] and thus that C l is isomorphic to D l . Taking 
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Cartier duals, we get that C is isomorphic to D. This implies that < npt. As D is the 
Cartier dual of D t , we also have n^t < ud. Thus = not. 

As (M*,p(p) is the Dieudonne module of D t , under the natural identification End(M*) = 
End(M), the level module of (M*,p<p) gets identified with O. Thus we have Id = £ot. □ 

4.2.2. Fact. The following three properties hold: 

(a) for all q G N, we have inclusions 

(8a) M C p- pD ^ q) (j) q (M) C p- 5o{q) M 

which are optimal in the sense that we also have 

(86) M g p-^^+V^M) and p~ pD ^(j) q (M) <£ p~ 5d ^ +1 M- 

(b) for all q EN, we have ajjt(q) = q — Pd(q) and (3d* (q) = Q — «£>(<?); 

(c) z/.D is isoclinic, then we have ud = ud*, ud = ujjt, vd = vpt, and vd = v^t. 

Proof: Part (a) follows from the very Definition 4.1 (a). As p f3 °^M C (p q (M) C p a °^ q) M, 
we have p- QD ^M* C 0«(M*) Cp-^(g) M * i.e., p^^M* c (p0)<?(M*) C^Wm*. 
As (M*,p0) is the Dieudonne module of .D* and due to (8a) and (86), we get that (b) holds. 
We prove (c). Due to (b) we have an equality PD( r i n ) — d±n = r\n — ar>t{r\n) — din = 
c\n — ol-£)\.{t\ti). This implies that uo = «£>t. By replacing D with D t , we get that 
U£)t = up. Similar arguments show that vo = dot and vd = vd*- Thus (c) holds. □ 

4.2.3. Lemma. We assume that D is isoclinic. Let a := - G Q D [0, 1] be its unique 
Newton polygon slope. Then the following two properties hold: 

(a) we have «d(q) < qa < Pd(q); 

(b) if an (q) = qa (or if Pd(q) = Qct), then we have a £>(<?) = Pd(q) = Qct. 

Proof: As (p q := p~ aD (i^(j)i is a a 9 -linear endomorphism of M, the Newton polygon slopes 
of tp q are on one hand non- negative and on the other hand are all equal to qa — an{q)- 
Thus ao(q) < qct- If qa = ao(q), then all the Newton polygon slopes of <p q : M — > M are 
and therefore we have <p q (M) = M. This implies that /3d(<?) = «d(o) = qct- The part 
involving (3d (q) is proved in the same way but working with p^ D (i)(j)~i. □ 

4.2.4. Lemma, (a) If D is either F- cyclic or special, then D is also quasi- special. 

(b) The class Q Ct d of isomorphism classes of quasi-special p-divisible groups of codi- 
mension c and dimension d over k, is a finite set. 

Proof: Each isoclinic special p-divisible group over k is isoclinic quasi-special. Each F- 
cyclic p-divisible group over k is a direct sum of F-circular p-divisible groups over k. 
Based on the last two sentences, it suffices to prove (a) in the case when D is F-circular. 
Let 7r be an r-cycle of J r such that D is isomorphic to C n . We have 0£(M) = p d M and 
therefore C w is isoclinic quasi-special of Newton polygon slope ^. Thus (a) holds. 

To prove (b) it suffices to show that for all pairs (c, d) G (NU{0}) 2 with c + d > 0, the 
class J Cj d of isomorphism classes of isoclinic quasi-special p-divisible groups of codimension 
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c and dimension d over k, is a finite set. We assume that D is isoclinic quasi-special. Then 
we have </> r (M) = p d M. Therefore cp r := p~ d (/) r : M — * M is a a r -linear automorphism of 
M. Let M W ( Fpr ) := {x G M|<p r (a;) = x}. We have M W ( Fpr ) (gwXFpr) W(k) = M. Moreover 
<fi(Mw(F p r)) Q A^iv(F p r)- Therefore the Dieudonne module (M, 0) is definable over the 
finite field F p r. Thus every isoclinic quasi-special p-divisible group of codimension c and 
dimension d over k has a Dieudonne module over which: (i) is isomorphic to (M, g<p) for 
a suitable element g G GLm(W"(A;)), and (ii) it is definable over ¥ p r. 

Let M = F 1 © F° be a direct decomposition such that F 1 /pF 1 is the kernel of 
modulo p. We have (K^-F 1 + F°) = M. Thus the cocharacter fx : G m — > GXm that 
fixes F° and that acts on F 1 via the inverse of the identity character of G m , is a Hodge 
cocharacter of (M, (j),GL M ) in the sense of [Val, Subsubsect. 2.2.1 (d)]. Thus the triple 
(M, <P,GLm) is a latticed F-isocrystal with a group over k for which the VF-condition of 
loc. cit. holds. From the Atlas Principle applied to (M,(J),GLm) and to an emphasized 
family of tensors indexed by the empty set (see [Val, Thm. 5.2.3]), we get that the set 
of isomorphism classes of Dieudonne modules over k which are of the form (M, g<p) with 
g G GL M (W(k)) and which are definable over the finite field ¥ pr is finite. From this and 
the classical Dieudonne theory, we get that the class U Cj d is a finite set. □ 

4.3. Proposition. We assume that D is isoclinic. Then the following six properties hold: 

(a) we have £d = max{5D(<?)|<7 G N}; 

(b) if a := then we have lim^ = lim^ = a; 

(c) if Mq (resp. M ) is the W(k)-submodule of M generated by elements fixed by 
<f ri := p~ dl (/) ri (resp. by <p r := p~ d (j) r ), then ud (resp. vd) is finite and it is the smallest 
non-negative integer such that p UD (resp. p VD ) annihilates M/Mq (resp. M/Mq); 

(d) if Mi (resp. Mi) is the smallest W(k)-submodule of M[^] which is generated by 
elements fixed by <p ri (resp. by <p r ) and which contains M, then ud (resp. vd) is finite 
and it is the smallest non-negative integer such that p UD (resp. p VD ) annihilates M\/M 
(resp. Mi/M); 

(e) we have ud = ud (resp. vd = vd); 

(f) we have ud < to- 

Proof: We prove (a). The VF(/c)-span of endomorphisms of (M, 0) is O = Oq. The number 
Id is the smallest number such that f/ D End(M) C O C End(M), cf. Example 1.2.2. As 
O = n geNu{0} ^(End(M)) = n geNu{0} End(^(M)) = n geNu{O }End(p-^^0«(M)), £ D is 
the smallest (non-negative) integer such that we have p^End(M) C End(p-^ D ^<l> q (M)) 
for all q G N. Thus from (8a) and (86) we get that tr> is the smallest integer which is 
greater or equal to Or>(<z) for all q G N. From this (a) follows. 

We prove (b). From (a) we get that 5 D (q) = f3 D (q) - a D (q) < £ D . Thus < a < 

^f- < ^f- + ^f-, cf. Lemma 4.2.3 (a). From these inequalities we get that (b) holds. 

We will prove (c) only for Mq as the case of M is argued in the same manner. We 
have M = n neNu{0 }^ 1 (M). As ^(M) = p-^ n <p r ^ n (M), from (8a) and (86) we get 
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that p fe( r i«)-*«M C <^™(M) and pPninnj-dm-i M ^ ^™(M). Thus the smallest non- 
negative number s such that we have p s M C <p™ (M) for all n G N is sup{0, /3d (^l^) — 
din|n G N} and therefore it is ud- Thus (c) holds. 

We will prove (d) only for M\ as the case of M\ is argued in the same manner. The 
M /r (/c)-submodule M£ of M* is the largest W(k)-suh module of M* generated by elements 
fixed by p~ dl (p ri . As (M*,p0) is the Dieudonne module of D l , the analogue of p~ dl (j) ri for 
is the cr ri -linear automorphism p~ Cl (p<j)) ri = p~ dl (j) ri of M*[|]. Thus from (c) applied 

to D t , we get that it£>t is the smallest non-negative integer with the property that p UDt 
annihilates M* jM{. As u D = u D t (see Fact 4.2.2 (c)) and as the W(A;)-modules M 1 /M 
and M* /Ml are isomorphic, we get that ud is the smallest non-negative integer such that 
p™ D annihilates M 1 /M. Thus (d) holds. 

We will prove (e) for ud and «d as the case of vd and vd is argued in the same 
manner. As p UD M\ C M and as p UD M\ is W(fc)-generated by elements fixed by <p ri , we 
have p UD Mi C Mq. Thus p UD annihilates M/Mq and therefore iio > ud, cf. (c). A similar 
argument shows that Mi C p~ UD M and that <ud- Thus ud = ud i.e., (e) holds. 

We prove (f). Each endomorphism of (M, 0) maps M to M . Thus O = Oo C 
End(M ). But due to (c), the smallest number s G NU{0} such that p s End(M) C End(M ) 
is -ud. As / D End(M) C O C End(M ), we get that u D < £ D . Thus (f) holds. □ 

4.3.1. Remark. We have M C M C M and M C Mi C Mi. Thus v D = v D < u D = 
ud- The W(/c)-sub module Mq (resp. Mo) of M is the largest one with the property that 
(Mq,0) (resp. (Mq,0)) is the Dieudonne module of an isoclinic special (resp. isoclinic 
quasi-special) p-divisible group over k. Thus we call ito = ud (resp. i;^ = vd) the Manin 
height (resp. the Manin quasi-height) of D, cf. [Ma, Ch. Ill, Sect. 2]. Similarly, the W(/c)- 
submodule Mi (resp. Ml) of M[^] is the smallest one with the properties that it contains 

M and that (Mi, </>) (resp. (Ml, 0)) is the Dieudonne module of an isoclinic special (resp. 
isoclinic quasi-special) p-divisible group over k. 

4.4. Proposition. We assume that D = Yliei is o, product of at least two non-trivial 
isoclinic p-divisible groups over k. Then the following three properties hold: 

(a) for all i,j G I with i ^ j, we have lo i ,D j = £dj ,D t j 

(b) we havei D% = i Di ,D i and £ D = max{e D ,£ Di ,£ DuDj \i G I,j G I\{i}}; 

(c) ifi,j G I with i ^ j and if the Newton polygon slope a.i of Di is less or equal to 
the Newton polygon slope aj of Dj, then we have Id^d^ = max{0, (3d, (q) — old^ (q)\q £ N}. 

Proof: Let M = Q) ieI Mi be the direct sum decomposition such that (Mj, <p) is the 
Dieudonne module of Di. Let Hi be a W(k)-basis for Mi. Let B := Ui 6 /Bj. For x,y G I>, 
let £(x,y) G N U {0} be defined as in Scholium 3.5.1. We have £D x ,Dj = max{£(y, x) \x G 
H>i,y G Sj}, cf. the very definitions. Thus (a) is a particular case of Formula (66). As Di 
is isoclinic, we have =0. Thus (b) is a particular case of Formulas (6a), (5a), (56), 
and (5c). We prove (c). Due to (8a), for all q G N we have 

Hom(0 9 (M i ),^(M J )) C Kom(p f3D i^M l ,p aD j {q) M J ) = p a *>M-P°M Hom(M i ,M J ). 

From this and making use of (8a) and (86) we get that there exist a direct summand 
of Hom(0« (Mi), 0«(Mj)) which is also a direct summand of p a °> («) Hom(M,, Mj). 
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Thus the smallest number s G NU{0} with the property that for all q G N the W(k)-module 
p s 4> q (Hom(M i , Mj)) is included in Hom(Mj, Mj), is max{0, (3 Di {q) - a Dj (q)\q G N}. From 
this and the rule (i) of the Definition 4.1 (c), we get that (c) holds. □ 

4.4.1. Example. We assume that D is isoclinic and that d < r < 2d. Thus a := 
£ G Q n [§, 1). For q G N we have (3 D t(q) - a D (q) = q - 2a D (q), cf. Fact 4.2.2 (b). 
From this and Proposition 4.4 (c) we get that £d*,d = max{0, q — 2ao(q)\q G N}. As 
Ed = 0, from Proposition 4.4 (a) and (b) we get that £o®D t = maxj^o, ^£>t, £d*-,d}- As 
£d = £&t = m&x{5D(q)\q G N} (cf. Fact 4.2.1 and Proposition 4.3 (a)), we conclude that 

£d®d % = max{8 D (q),q- 2a D (q)\q G N}. 

4.5. Proof of 1.4.3. We assume that D = Yliei is a product of at least two non-trivial 
isoclinic p-divisible groups over k. Let M = Q) ieI Mi be the direct sum decomposition 
defined by the product decomposition D = Yl ieI Di. As no = £d and as for i G I we have 

= £oi (cf. Corollary 1.4.2), based on Proposition 4.4 (a) and (b), to prove Proposition 
1.4.3 it suffices to show that for all z, j G I with i ^ j we have 

(9) £ Di , Dj < max{0, £ Di + £ Dj - 1}. 

As iDi,Dj = £Dj,Di (see Proposition 4.4 (a)), to check the inequality (9) we can assume 
that ojj < ctj. We have ctDi(q) < qoii < qotj < fiDjiq), cf. Lemma 4.2.3 (a). Thus 
<%Di(q) < Po(q)- Based on Proposition 4.4 (c), to prove the inequality (9) it suffices 
to show that for all q G N we have Pp^q) — otz> .(q) < max{0, £d 1 + £Dj — !}• We have 
^D i (q) + SD :i (q) < £Di+£Dj, cf. Proposition 4.3 (a). From this and the inequality (q) < 
Pd, (q) we get: 
(10) 

PdM-UdM) = SD i (q)+^D i (q)+^D j (q)-pD j (q) < £D i +£ Dj +a Di (q)-pD j (q) < £ Di +£ Dj . 

If we have an equality fioM) ~ a Dj(q) = £d, + £d^ then l3 Dj {q) = Oi Di (q) = qosi = 
qaij and therefore also PDi(q) = q®i and «n.(g) = qotj = qa.i (cf. Lemma 4.2.3 (b)). 
Thus the assumption that PDi(q) — &Dj(q) = £Di + £dj implies that /^(g) — OioAq) = 
= £Di + £dj < max{0,-^£) i + £d — 1}- From this and (10) we get that the inequality 
@Di(q) — OLo {q) < max{0, ^ +£d- — 1} always holds; therefore the inequality (9) holds. 
This ends the proof of Proposition 1.4.3. □ 

4.6. Proof of 1.5.2. Let D = Yl ieI be a product decomposition into isoclinic quasi- 
special p-divisible groups over k. For i G /, let c$ and di be the codimension and the 
dimension (respectively) of Di, and let on := Let M = ® ieI Mi be the direct sum 
decomposition such that (Mi,(f>) is the Dieudonne module of Di. As each Di is isoclinic, 
we have = and no = £d (cf. Corollary 1.4.2). For ie/we have <p ri (Mi) = p di Mi, 
cf. Definition 1.5.1 (e). Let e N be the greatest divisor of g.c.d.{ci, di} such that for 
(ci 2 , d i2 , r l2 ) := £r, %r) we have cp 2 (M,) = p d ^M t . This identity implies that: 

(i) we have a Di (r i2 ) = (3d = d i2 and for all q G N we have a Di (q + r i2 ) = 
oiDi (q) + d i2 and (3 Di (q + r i2 ) = (3 Di (q) + d i2 . 
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From (i) we get that for all q G N we have So^q + r i2 ) = So^q). From this and 
Proposition 4.3 (a) applied to D;, we get that: 

(ii) n Di = £ Di = max{S Di (q)\q G N} = max{6 Di (q)\q G {1,... ,r l2 }}. 

As the function Pd^*) defined for * G N is increasing, for all q G {1, . . . , r i2 } we 
have SDi(q) < PdM) < ^(^2) = d i2 - From this and (ii) we get that = ^ < d i2 . It 
is easy to see that the p-divisible group D\ is isoclinic quasi-special and that the analogue 
of the triple (^2,^2,^2) for it is (r^, Q2, <fe)- Thus we have n D t < a 2 . As nr> i = n D t 
(see Fact 4.2.1), we have < q 2 . Thus 

(11a) n Di = £ Di < min{ci 2 , d i2 } < min{ci, d;}. 

This proves Theorem 1.5.2 if D = Di i.e., if I = {i}. 

We assume that I has at least two elements. From Proposition 1.4.3 we get that 
no = £d < max{l, riDi + nDj\i € I , j € I \ {*}}• From this and (11a) we get that 

(116) n D < max{l,min{c i2 + c j2 ,d i2 + d j2 }\i,j G I,i ^ j}. 

As Ci 2 + Cj 2 < c and di 2 + dj 2 < d, we have min{ci2 + Cj 2 , di 2 + dj 2 } < min{c, d}. From 
this and (116) we get that no = £d < max{l, min{c, d}}. But if min{c, d} = (i.e., 
if cd = 0), then «d = £d = 0. Thus, regardless of what the product cd is, we have 
riD = £d < min{c, d}. This ends the proof of Theorem 1.5.2. □ 

4.6.1. Scholium. Let it be a permutation of J r = {1,... , r}. Let o be the order of 
it. We assume that (D,(f>) is (C^, (/»„■); thus D is -F-cyclic and therefore (cf. Lemma 4.2.4 
(a)) quasi-special. We will translate the property 4.6 (ii) and Proposition 4.4 (a) and (b) 
in terms only of the permutation it. Let tt = Yliei ni ^ e ^ ne P r °duct decomposition of 
the permutation tt into cycles. As in Subsection 1.5, we write 7^ = (e Sl ,... ,e Sr .) for 
some number n G N (which can be 1). Let Mi be the W(k)-spa,n of {e Sl ,... ,e Sr .}. 
We have pMi C ^(Mj) C Mj, cf. the definition of <p^. Thus we have a direct sum 
decomposition (M,(f) n ) = @ i6/ (Mi, (f} n ) of Dieudonne modules. Let D = Yli£i Di be 
the product decomposition that corresponds to the direct sum decomposition (M, 0„.) = 
^ ieI (Mi 7 (p 7r ). Each p-divisible group Di is F-circular and quasi-special. Let Q,d; = 
ri - Ci, oti = G N U {0} be as in Subsection 1.5. 

Due to the property 4.6 (i), the difference Or^g) = flDi(q) — (XDi(q) depends only on q 
modulo o. For s G J r and q G {1, . . . , o}, let /7 9 (s) G NU {0} be such that we have 4> n (e s ) = 
p r,q ^e 7T q( s y Thus r) q (s) is the number of elements of the sequence e s , 7r(e s ), . . . , 7r g_1 (e s ) 
that belong to the set {ei, . . . , e^}. We have 

(12a) a Di (q) = mm{7] q (s j )\j e {1,... ,ri}} and D . (q) = max{^(s j )|j G {1, . . . , n}}. 

The W(k)-hasis H> = {ei, . . . ,e r } for M is a disjoint union of W(k)-hasis for Mj's. We 
consider the standard VF(/c)-basis {e s ® e£|s,t G J r } for End(M) defined by 2. We have 
0£(e s <g> e* t ) = pioW-i'We^s) <g> < 9(f) . If r/ (s) > 7/ (t) (resp. i] (s) = r] (t) or 7/ (a) < 
r} (t)), then e s <g> el belongs to L + (resp. to L or L_) and therefore the number £(e s , e t ) 
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defined in Scholium 3.5.1 is max{0, rj q (t) — rj q (s)\q G {1, . . . , o}} (resp. is max{0, rj q (s) — 
r] q (t)\q G {1, . . • , o}}). From Formula (6a) we get that 

(126) t Cl , = max{e C7T ,£(e s ,et)\s,t G J r }. 

4.6.2. Example. We assume that c = d = 8; thus r = 16. Let n = niii2, where 
TTi = (9 10 5 11 12 6 7 8) and tt 2 = (1 2 13 3 4 14 15 16) are 8-cycles. We have o = 8. 
Let D = Ct,- = .Di © L>2 be the product decomposition corresponding to the cycle de- 
composition 7T = 7Ti7T2. All Newton polygon slopes of Di and D 2 are \ and it is easy 
to see that D\ is isomorphic to D\. We have (8 Dl (1), • • • ,0x^(8)) = (1,2,2,2,2,2,1,0); 
thus n j o 1 = 2 (cf. property 4.6 (ii)). From Fact 4.2.1 we get that np 2 =2. We have 
M9),... ,7/8(9)) = (0,0,1,1,1,2,3,4) and (7/1 (1), . . . , t/ 8 (1)) = (1,2,2,3,4,4,4,4). Thus 
(t/i(9) -7/i(l),..., t/ 8 (9) -t/ 8 (1)) = (-1,-2,-1,-2,-3,-2,-1,0). Thus£(e 9 , ei ) = 
£(e\,eg) = 3. This implies that «d = £d > 3. From Proposition 1.4.3 we get that 
n D < 3. Thus n DlS)D2 = n D = 3 = n jDl + n£> 2 - 1. 

Plenty of similar examples can be constructed in which the identity ud 1 ®d 2 = n D 1 + 
no 2 — 1 holds and D\ and -D2 are isoclinic of equal height and different dimension. 

4.7. Proof of 1.4.4. The Dieudonne module of D is (M, 0), where M is a 
submodule of M which contains p K M. Let O = + ©Oo©0_ be the level module of (M, 0). 
If D and .D are ordinary, then the Proposition 1.4.4 is trivial. Thus to prove the Proposition 
1.4.4, we can assume that D and D are not ordinary; thus from Remark 4.1.1 we get that 
£d (resp. £5) is the smallest natural number such that we have p iD End(M) C O (resp. 
we have p^End(M) CO). As p K M C M C M, we have 

(13) p 2K End(M) C p K End(M) C End(M). 

For q G N we have (j) q (p K d + ) C p K + C End(M) fl L + . As C End(M) (cf. (13)), we 

get that p K 0+ C A similar argument shows that p K Oo C Oq and p K <J- C 0_. Thus 
C O. From this, the inclusion p^End(M) C O, and (13) we get that 

p 2 *+^>End(M) C p K+£ °End(M) C p K C O C End(M). 

Thus £d < 2k + ££). Based on this inequality, the Proposition 1.4.4 follows from Corollary 
1.4.2. This ends the proof of Proposition 1.4.4. □ 

4.7.1. Example. We assume that c = d. We have r = 2d. Let n := (12 •••r); its 
cyclic decomposition is n = i\i (with % as an index). As 0£(M) = p^(M), the F-circular 
p-divisible group is supersingular. If d > 2, then (f) 2 (M) ^ pM and therefore is not 
special. As (j> d {e\) = p d ed+i and 0^(e,/+i) = ei, we have a£)(<i) = and /3d (d) = d. This 
implies So(d) = d and therefore from Proposition 4.3 (a) we get that = ic^ > d. As 
nc„ < d (cf. Theorem 1.5.2), we have = d. See [NV, Ex. 3.3] for a simpler proof that 
nc^ = d (in loc. cit. C n is denoted as C^). Let E be a supersingular p-divisible group 
over k of height 2. From [NV, Rm. 2.6 and Ex. 3.3] we get that the smallest number 
k G NU {0} such that we have an isogeny -» E d is k := [^-] • It is well known that E d 
is uniquely determined up to isomorphism by E d [p] (for instance, see [NV, Scholium 2.3] 
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or see Formula (126) applied to the minimal permutation (1 d + 1) • • • (d r) of J r ). Thus 
rigd = 1. If d is odd, then k = and therefore = d = n^d + 2k. This implies that 
in general, Proposition 1.4.4 is optimal. 

4.7.2. Example. We assume that r > and that D is isoclinic. Let M and M be as 
in Proposition 4.3 (c). Let Dq and Dq be the p-divisible groups over k whose Dieudonne 
modules are isomorphic to (Mq,4>) and (Mo, </>) (respectively), cf. Remark 4.3.1. To the 
inclusions Mq C M and Mq C M correspond isogenies D -» Do and D -» Z)o whose 
kernels are annihilated by p U£ > = p UD and = (respectively), cf. Proposition 4.3 
(c). Let jo '■= nD and jn '■= n D - From Propositions 1.4.4 and 4.3 (f) we get that: 

(14a) u D < n D = £ D < mm{j D + 2u D J D + 2v D }. 

If (ci,di,ri) is as in Definition 4.1 (b), then jo < min{ci,di} (cf. (11a)). From this and 
(14a) we get: 

(146) up <no < 2ud + min{ci, di}. 

5. On the Main Theorem B 

In Subsection 5.1 we prove the Main Theorem B. Subsections 5.2 and 5.3 present 
two applications of the Main Theorem B. For instance, Theorem 5.3 presents applications 
to extensions between two minimal p-divisible groups over k. We recall that (M, (f>) is the 
Dieudonne module of D. 

5.1. The proof of the Main Theorem B. If no < 1, then D[p] is minimal (cf. 
Definition 1.5.1 (d)). If D[p] is minimal, then there exists a p-divisible group D over k 
such that rip < 1 and D[p] is isomorphic to D\p]; the codimension and the dimension of 
D are c and d (respectively) and thus from the very definition of we get that D is 
isomorphic to D and therefore that we have no = < 1. Thus we have no < 1 if and 
only if D[p] is minimal. As no <£d (see Corollary 1.4.2), 1.6 (a) implies 1.6 (b). Thus to 
end the proof of the Main Theorem B, it suffices to show that 1.6 (b) implies 1.6 (c) and 
that 1.6 (c) implies 1.6 (a). 

5.1.1. On 1.6 (6) 1.6 (c). Let 0i, #i : M/pM -> M/pM be the reductions modulo p of 
0,$ : M -> M. In [Kr] (see also [Ool, Subsect. (2.3) and Lem. (2.4)] and [Mo, Subsect. 
2.1]) it is shown that there exists a /c-basis {6i, . . . , 6 r } for M/pM and a permutation n 
of J r = {1, . . . , r} such that the following two properties hold: 

(i) if s € {1, ... , d}, then <j>i(b s ) = and $1(6^(5)) = 6 S , and 

(ii) if s e {d+ 1, . . . ,r}, then </>i(6 s ) = and #1(6^)) = 0. 

Let := pcj)^ 1 : M — > M; if s G {1,... ,d}, then r d 7r (e 7T ^ s )) = e s , and if s G 
{d + 1, . . . ,r}, then ^ 7r (e 7r ( s )) = pe s . Properties (i) and (ii) imply that the /c-linear map 
M/pM — > M/pM that takes 6 S to e s modulo p, is an isomorphism between {M/pM, 1; t?i) 
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and the reduction modulo p of (M, 0„., #,,.). This means that 7)[p] is isomorphic to C^fp], 
cf. the classical Dieudonne theory. As no < 1, we get that 7) is isomorphic to C n . 

We check that 7r is a minimal permutation in the sense of Definition 1.5.1 (b). Let 
tv = Yliei ni De the product decomposition of tv into cycles. We write i\i = (e Sl , . . . , e s ), 
where Vi G N. Let q, rf^ = — q, and ctj = — be as in Subsection 1.5. Let Mj := 

0^=1 W(^) e s u - Let D = YlitiDi be the product decomposition defined by the direct 
sum decomposition (M,<j> n ) = ie /(-A7j, (f> n ). Each Di is an F-circular p-divisible group 
over k and therefore isoclinic. From Proposition 4.4 (b) we get that < no < 1. But 
n^ = £r> i = max.{dr> i (g) |g G N}, cf. Corollary 1.4.2 and Proposition 4.3 (a). From 
the last two sentences we get that for all q G N we have SdXq) G {0,1}. Thus either 
a Di(q) = PdM) or a Di (q) + 1 = PdAq)- If «£>i(<?) = PdAq)i then from Lemma 4.2.3 (a) 
we get that ap^q) = /3o;(g) = qcti- If au i (q) + l = /^(g), then from Lemma 4.2.3 (a) we 
get that either (a Di (q), (3 Di (q)) = ([gaij], [gcqj + 1) or (a Di (q), (3 Di (q)) = (qai-l,qai). But 
the second possibility is excluded by Lemma 4.2.3 (b). We conclude that in all cases we 
have a Di (q),/3 Di (q) G {[qa t ], [qa t ] + 1}. Therefore p^ +1 Mi C <ffl{Mi) C p^M;. Thus 
for each it G {1, ... , r^}, we have 0£(e Su ) = p' gQi ' +e,j( - Su " ) e 7r q( Su ) for some number e q (s u ) G 
{0, 1}. As this property holds for all pairs (q, i) G N x 7, tv is a minimal permutation. As 
D is isomorphic to C n , we get that D is minimal. Thus 1.6 (b) implies 1.6 (c). 

5.1.2. On 1.6(c) =>- 1.6(a). To prove that 1.6 (c) implies 1.6 (a), we can assume that tv 
is a minimal permutation of J r , that D = C n , and that <p = (p^. Let tv = Yl ieI TVi, M = 
ie7 Mi, and D = Yliei be the decompositions obtained as in Subsubsection 5.1.1. For 
z G 7, let TVi = (e s , .... ,e s ), Q, di = Ti — q, and ojj = — be as in Subsection 1.5. As the 
permutation tv is minimal, for all u G {1, . . . , r^} we have 0^(e Su ) = p^ ^ -1-5 ^^-^^^) for 
some number e q (s u ) G {0, 1}. This implies that p^ +1 M, C (pl(Mi) C p^M;. Thus 

(15) a Di (q),(3 Dx (q) G {[?«»], [ga»] + 1}. 

From (15) and the fact that 0D;(g) > 0, we get that Oj^g) G {0,1}. From this and 
Proposition 4.3 (a), we get that = £o i < 1. \i D = Di (i.e., if 7 = {z}), then < 1 
and thus 1.6 (a) holds. If 7 has at least two elements, then from Proposition 1.4.3 we get 
that £d = no < 1- Thus regardless of what 7 is, we have £& < 1. This ends the argument 
that the implication 1.6 (c) 1.6 (a) holds. This ends the proof of the Main Theorem B.D 

5.2. Corollary. We assume that £d < 2. TTten = ^£>. 

Proof: If no < 1, then D is minimal (cf. Main Theorem B) and therefore F-cyclic; thus 
n-D = £d (cf. Theorem 1.5.2). As no < £d < 2, we have «o = £d even if n D = 2. □ 

The next Theorem generalizes and refines [Val, Prop. 4.5.1]. 

5.3. Theorem. We assume that we have a short exact sequence — > Di — > 7) — > 7> 2 — > 

of p- divisible groups over k, with D\ and D2 as minimal p- divisible groups. 

(a) TTten iye /iat>e < £d < 3. 

(b) Vt^e assume that d = c > 3 and t/iat 7>i and 7>2 are isoclinic of Newton polygon 
slopes 2 an d (respectively). Then no = £d < 2. 
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Proof: Let — > Di — > D — > _D 2 — > be the pull forward of our initial short exact sequence 
via the multiplication by p isogeny D\ -» D\. The kernel of the resulting isogeny D -» D is 
annihilated by p. The p-divisible group Di 2 := -Di ©-D 2 is minimal. As D[p] is isomorphic 
to Di2\p], from the equivalence between 1.6 (b) and (c) we get that D is isomorphic to D12 
and that n D < 1. As D is F-cyclic and thus a direct sum of isoclinic p-divisible groups, 
we have no < < + 2 < 3 (cf. Proposition 1.4.4). Thus (a) holds. 

We prove (b). We know that there exists an isogeny D12 -» D whose kernel K is 
annihilated by p. We will choose such an isogeny of the smallest degree possible. It is well 
known that up to isomorphisms, there exists a unique p-divisible group over k of height d 
and Newton polygon slope ^, where * G {1, d — 1} (see [De, Ch. IV, Sect. 8]). Thus if K 
has a proper subgroup scheme K\ (resp. K2) whose image in Di (resp. in D2) is trivial, 
then D' 12 '■= D12/K1 (resp. D' l2 '■= D12/K2) is isomorphic to Di 2 and thus we would get 
an isogeny D12 D' 12 -» -D of smaller degree. This implies that the projections of K on 
Di and D2 are monomorphisms. Thus the codimension and the dimension of K are both 
at most 1. Based on the last two sentences, as d > 3 we easily get that K is either trivial 
or isomorphic to a p . If K is trivial, then D is minimal and therefore we have no < 1 (in 
fact we have no = 1). Thus to prove (b), we can assume that K is isomorphic to a p . We 
reached the case when we have isogenies 

D12 -» D 12 /a p ^D -» D 12 /(a p x k a p ) = D 1 /a p x k D 2 /a p . 

At the level of Dieudonne modules, this means the following things. Let N12 := ©^=1 W(k)e, 
be a free VF(/c)-module of rank r = 2d. Let <p '■ ^12 N12 be the cr-linear endo- 
morphism such that it takes (e\,... , ea) and (e^+i,... , e2d) to (pe2,ez, . . . ,ed,e\) and 
(ped+2, ■ ■ ■ ,P e 2d, e d+i) (respectively). We can assume that (N12, 4>) is the Dieudonne mod- 
ule of Di/a p x k D2/oL p (cf. the mentioned uniqueness property) . As D -» Di 2 / ioL p x k a p ) = 
Di/otp Xfc D2/ct p is an isogeny of kernel a p and as K maps monomorphically to both Di 
and D2, there exists an invertible element 7 G W(k) such that we can identify M with 
N 12 + W(k)(le 1 + ±e d+1 ). Moreover, if M 12 := N 12 +W {k^+W {k)\-e d+u then (M 12 ,0) 
is the Dieudonne module of D 12 . 

We check that £ D < 2. We have 

(16) p 2 End(M) C pHom(Mi 2 , A^i 2 ) + [(jryei + pe d+1 ) ® e\] C End(M). 

The latticed F-isocrystal (Hom(Mi2, AT 12 ), 0) is isomorphic to End(Mi 2 ,0) and moreover 
we have £d 12 ^ 1- From this and the fact that Hom(Mi 2 , AT 12 ) C End(M), we get that O 
contains pHom(Mi 2 , N12). It is easy to see that for all q G N we have 4> q ({pryei +pe d +i) <8> 
e{) G End(M); like (f){(p^ei+pe d+1 )®e\) = (pa(7)e 2 +pe d+2 )®e;, 4> 2 {{p^e 3 +pe d+1 )®e\) = 
(pcr 2 ('y)e3+p 2 e d+ 3)®e^ etc. Thus (jryei +pe d+1 ) ®el G + ©O , cf. Lemma 2.4. Based 
on (16) we conclude that p 2 End(M) C O. Thus Id < 2. From Corollary 5.2 we get that 
n D = £ D < 2. Thus (b) holds. □ 
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